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A NONLINEAR FOKKER-PLANCK EQUATION
MODELLING THE APPROACH TO THERMAL EQUILIBRIUM

IN A HOMOGENEOUS PLASMA

M. ESCOBEDO, M. A. HERRERO, AND J. J. L. VELAZQUEZ

Abstract. This work deals with the problem consisting in the equation

∂f

∂t
=

1

x2

∂

∂x
[x4(

∂f

∂x
+ f + f2)], when x ∈ (0,∞), t > 0,(1)

together with no-flux conditions at x = 0 and x = +∞, i.e.

x4(
∂f

∂x
+ f + f2) = 0 as x−→ 0 or x−→+∞.(2)

Such a problem arises as a kinetic approximation to describe the evolution
of the radiation distribution f(x, t) in a homogeneous plasma when radiation
interacts with matter via Compton scattering. We shall prove that there exist
solutions of (1), (2) which develop singularities near x = 0 in a finite time,

regardless of how small the initial number of photons N(0) =
∫ +∞
0 x2f(x, 0)dx

is. The nature of such singularities is then analyzed in detail. In particular, we
show that the flux condition (2) is lost at x = 0 when the singularity unfolds.
The corresponding blow-up pattern is shown to be asymptotically of a shock
wave type. In rescaled variables, it consists in an imploding travelling wave
solution of the Burgers equation near x = 0, that matches a suitable diffusive
profile away from the shock. Finally, we also show that, on replacing (2) near
x = 0 as determined by the manner of blow-up, such solutions can be continued
for all times after the onset of the singularity.

Introduction

We are concerned in this work with the study of the equation
∂f

∂t
=

1
x2

∂

∂x
[x4(

∂f

∂x
+ f + f2)], when x ∈ (0,∞), t > 0,(1.1 a)

together with the following initial and boundary conditions. At t = 0 we shall
require that

f(x, 0) = F (x), for 0 ≤ x <∞,(1.1 b)

where F is a given continuous, nonnegative and bounded function such that∫ ∞

0

x2F (x)dx <∞.(1.1 c)
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Finally, as boundary conditions we will impose the vanishing of the corresponding
flux as x −→ 0 and x −→ ∞, i.e.,

x4

(
∂f

∂x
+ f + f2

)
−→ 0, as x −→ 0 or x −→∞.(1.1 d)

Problem (1.1) has been proposed by Kompaneets (cf. [K]) to describe the evolu-
tion of the radiation distribution f(x, t) in a homogeneous plasma when radiation
interacts with matter via Compton scattering. In that context the space coordi-
nate x represents a momentum coordinate and t denotes time. More precisely, an
equation which includes (1.1a) as a particular case (cf. (1.2) below) is obtained in
[K] as a leading term for the corresponding Boltzmann equation under the crucial
assumption that the scattering cross section is of the classical Thomson type, as
represented by the coefficient α(x) = x4 in (1.1a). The complete approximating
equation obtained in [K] reads as follows

∂f

∂t
=

1
x2

∂

∂x
[x4(

∂f

∂x
+ f + f2)] + σ(x)(f0 − f).(1.2 a)

The second term on the right in (1.2a) accounts for the Bremsstrahlung effects.
Here σ is the emission-absorption rate, which is taken to be of the form

σ(x) = εx−3e−
x
2K0(

x

2
),(1.2 b)

where ε > 0 is a small parameter and K0 is the zero order modified Bessel function.
As to the term f0 = f0(x) in (1.2a), it is obtained by setting µ = 0 in the expression
for the Bose-Einstein distribution

fµ(x) =
1

(ex+µ − 1)
, where µ ≥ 0.(1.3)

A question which naturally arises is that of determining the asymptotic behaviour
of solutions of the problem (1.2), (1.1b), (1.1c) and (1.1d). A first step in this
direction was taken by Caflisch and Levermore in [CL], under the assumption that
Bremsstrahlung effects are negligible. This accounts for setting σ ≡ 0 in (1.2a),
thus reducing such an equation to (1.1a). An interesting feature of such a simplified
case is that the quantity

N(t) ≡
∫ ∞

0

x2f(x, t)dx,

which represents the total number of photons at time t, is actually constant in time.
In view of (1.1c), one then has

N(f) ≡
∫ ∞

0

x2f(x, t)dx =
∫ ∞

0

x2F (x)dx = N(0) <∞.(1.4)

On the other hand, if we define the entropy function

S(t) =
∫ ∞

0

x4(f + f2)−1(
∂f

∂x
+ f + f2)2dx,(1.5)

we can readily check that it satisfies

∂S(t)
∂t

≥ 0(1.6)
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along the solutions of (1.1). An additional fact to be taken into account is that
For any µ ≥ 0, fµ given in (1.3) is a stationary solution of (1.1a).

Moreover N(fµ) is decreasing as a function of µ, and in particular

one has that for all µ ≥ 0, N(fµ) ≤ N(f0) =
∫ ∞

0

x2

(ex − 1)
dx.

(1.7)

Taking into account (1.4), (1.6) and (1.7), a possible scenario for the long-time
asymptotics of (1.1) was proposed in [CL] that may be summarized as follows. If
F in (1.1) is such that

N(F ) =
∫ ∞

0

x2F (x)dx ≤ N(f0),

then, asymptotically as t −→∞, the corresponding solution of (1.1) approaches the
Bose-Einstein distribution in (1.3), whose total number of photons coincides with
that of F . In other words, the parameter µ in (1.3) has to be selected so that

N(fµ) = N(F ).

If on the other hand N(F ) > N(f0), the numerical analysis in [CL] suggests that
the equilibrium radiation should asymptotically decouple in the following manner

f(x, t) ∼ f0(x) + (N(F )−N(f0))x−2δ(x), for 0 ≤ x <∞, t� 1,(1.8)

where δ(x) denotes Dirac’s delta centered at the origin. One should then have
asymptotic condensation at the state of zero energy, and the above result would
illustrate a way of approaching a Bose-Einstein condensate.

At this juncture, it is worth mentioning that the analysis carried out in [CL]
requires that near the origin solutions satisfy an estimate of the form

f(x, t) ≤ c(t)
x

for 0 < x < 1, t > 0,(1.9)

for some continuous and nonnegative function c(t). Notice that Bose-Einstein dis-
tributions do satisfy (1.9) with c ≡ 1. The results in [CL] can then be rephrased
as stating that Bose-Einstein condensation would be achieved for those solutions of
(1.1) with large photon number for which the bound (1.9) holds.

We prove in this paper that problem (1.1) has solutions for which (1.9) fails to
hold after a finite time. As a matter of fact, we shall construct solutions for which
not only (1.9), but also the flux condition (1.1d) break down near x = 0 in finite
time. More precisely, the following result is obtained.

Theorem 1. There exist smooth nonnegative functions F for which problem (1.1)
has a solution defined in a time interval (0, T ), with 0 < T < ∞, and such that
(1.1d) no longer holds at x = 0 when t = T .

It is interesting to observe that such solutions can be uniquely continued for
all times after such blow-up occurs. To prove such a result, we make use of the
following.

Theorem 2. Consider problem (P) consisting of (1.1a)− (1.1c) together with the
boundary conditions

There exists A > 0 such that

f(x, t) ≤ A

x2
, for x ∈ (0, 1), and t > 0,

(1.10 a)
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lim
x−→∞(x4(

∂f

∂x
+ f + f2)) = 0.(1.10 b)

Then, if F satisfies the decay assumption

lim
x−→∞x4F (x) = 0,(1.11)

problem (P) has a unique global solution. Moreover, in such a case,

lim
x−→∞ x4f(x, t) = 0 for all t > 0(1.12)

We finally proceed to analyze in detail the manner of blow-up near x = 0 for a
particular class of solutions. Namely, we obtain

Theorem 3. For any given positive constants C and T , there exists a function F
satisfying (1.1c) for which problem (1.1) has a unique solution for times 0 < t < T ,
and such that the following properties hold:

lim
t−→T−

(T − t)2f(z(T − t), t) =


C

z2
if z > C,

0 if 0 < z < C,
(1.13)

where convergence is uniform on compact subsets of (C,+∞) and (0, C) respectively,
and

lim
x−→ 0

x2f(x, T ) = C ′,(1.14)

for some positive constant C′ that depends on F .

A point that we want to stress herein is the onset of a discontinuity in (1.13). Ac-
tually, an interesting feature of the blow-up mechanism for (1.1) is the development
of a Burgers-type shock structure for f(x, t) near z = C with width O((T−t)2) when
measured in the x-variable. The detailed structure of the corresponding boundary
layer will be described later in the corresponding section.

We wish to point out that our analysis does not preclude the existence of solutions
satisfying (1.9). It will be apparent from our approach that we can obtain global
solutions for which (1.9) holds if we start from initial values lying below one of the
Bose-Einstein distributions given in (1.3). We expect, however, that any solution
with large enough initial photon number will blow-up near x = 0 in finite time, and
we intend to address this question elsewhere. In view of the blow-up phenomenon
described herein, one may wonder whether such a fact would still occur when (1.1a)
is replaced by (1.2a), i.e. Bremsstrahlung effects are retained. The answer to
that question is negative. The corresponding argument, however, involves a rather
technical boundary layer analysis, and will be explained elsewhere.

We conclude this Introduction by describing the plan of this paper. To begin
with, we prove Theorem 1 in Section 2 below. We then prove Theorem 2 in Section
3. Having done that, we proceed with the proof of Theorem 3. In view of the
technicalities which are involved, we have thought it convenient to explain first the
formal arguments leading to the construction of such solutions by means of matched
asymptotic expansions. This is done in Section 4. A rigorous proof of Theorem 3
is then presented in the final Section 5.
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2. The proof of Theorem 1: Existence

We begin this section by proving local existence of solutions to the problem
(1.1a)− (1.1d) for some initial data. We then show that condition (1.9) may fail to
hold after a finite time, even for distributions corresponding to an arbitrarily small
initial photon number. A detailed analysis of blow-up patterns for a particular class
of solutions will be postponed to Sections 4 and 5.

Here and henceforth, we shall find it convenient to work with different versions
of (1.1) obtained under suitable changes of variables. For instance, if we set

x = ey, x2f(x, t) = eyv(y, t),(2.1)

a quick check reveals that (1.1a) is transformed into

vt = vyy + vy − 2v + 2v2 + 2vvy + ey(3v + vy), for y ∈ (−∞,+∞), t > 0.
(2.2)

We then readily see that (2.2) has supersolutions v(y, t) of the form

v(y, t; a, b) ≡ v(y, t) =

{
C1e

at−by, for y ≥ y0, t > 0,

C2e
at−y, for y < y0, t > 0.

(2.3 a)

where C1 is an arbitrary positive constant and y0, a, b, C2 are constants satisfying

b > 3, a ≥ max(b2 − b− 2, 2ey0 − 2), and C1e
−by0 = C2e

−y0 .(2.3 b)

Our starting point is the following.

Lemma 2.1. For every initial data F such that xF (x) is bounded and satisfies

0 ≤ xF (x) ≤ v(log x, 0), for x ∈ R,(2.4)

for some supersolution v, there is a classical global solution f of (1.1a) such that
(1) For all t ≥ 0,

xf(x, t) ≤
{
C1e

atx−b if log x ≥ y0,

C2e
atx−1 if log x ≤ y0.

(2.5 a)

(2) There exist t0 > 0 and a positive constant C such that

xf(x, t) ≤ C for all x ∈ (0,+∞), t ∈ [0, t0].(2.5 b)

(3) For all t ∈ (0, t0),

lim
x−→+∞x4(f(x) + f2(x) + fx(x)) = 0, lim

x−→ 0
x4(f(x) + f2(x) + fx(x)) = 0.

(2.5c)

Proof. By using the change of variables (2.1) we are led to consider equation (2.2)
with bounded initial condition v0(y) = eyF (ey) ∈ L∞(R). In order to prove
existence of a solution we first replace equation (2.2) by

vnt = vnyy + vny − 2vn + 2ψn(vn) + 2vnvny + ϕn(y)(3vn + vny).(2.6)

where the functions ψn and ϕn are smooth and nonnegative, and such that

ϕn(z) =

{
ez if |z| < n,

en+1 if |z| > n+ 1,
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and

ψn(z) =

{
z2 if |z| < n,

(n+ 1)2 if |z| > n+ 1.

A quick check reveals that the functions v given in (2.3) are supersolutions of (2.6)
for every n ≥ 1. By classical results, we now have that for any bounded initial
data v0, equation (2.6) has a unique local classical solution vn ∈ C((0, Tn);L∞(R).
Moreover, by hypothesis v0 ≤ v(·, 0) for some supersolution given in (2.3). There-
fore, by the maximum principle we deduce that vn ≤ v. This shows that the
sequence {vn} is uniformly bounded in L∞loc(R×R+). By standard parabolic reg-
ularity, the sequence is then bounded in C2,1(R × R+). Therefore there exist a
subsequence, still denoted by {vn}, and a function v ∈ C2,1(R × R+) such that
{vn} converges to v uniformly on every compact subset of R ×R+. Moreover, v
is a classical solution of (2.2) and satisfies v ≤ v on R × R+. This shows (1) of
Lemma 2.1.

Using the integral equation asociated to (2.6) it is easy to show that, provided
vn exists,

||vn(t)||∞ ≤||v0||∞ +
∫ t

0

((t− s)−1/2 + 2)||vn(s)||∞ds

+
∫ t

0

((t− s)−1/2+2)||vn(s)||2∞ds+
∫ t

0

((t− s)−1/2+4)||eyvn(s)||∞ds.

Since

eyvn(y, s) ≤
{
ey0vn if y < y0,

C1e
at−(b−1)y if y > y0,

we deduce that

||vn(t)||∞ ≤||v0||∞ +
∫ t

0

((t− s)−1/2 + 2)||vn(s)||∞ds

+
∫ t

0

((t− s)−1/2 + 2)||vn(s)||2∞ds

+ ey0

∫ t

0

((t− s)−1/2 + 4)||vn(s)||∞ds+ C1

∫ t

0

((t− s)−1/2 + 4)easds.

Observe now that for every value of ||v0||∞ there is a solution ρ(t) of the equation

ρ(t) = ||v0||∞ +
∫ t

0

((t− s)−1/2 + 2)ρ(s)ds+
∫ t

0

((t− s)−1/2 + 2)ρ2(s)ds

+ ey0

∫ t

0

((t− s)−1/2 + 4)ρ(s)ds+ C1

∫ t

0

((t− s)−1/2 + 4)easds,
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defined for 0 ≤ t ≤ t0, for some positive and finite t0 depending on ||v0||∞. More-
over,

(||vn(t)||∞ − ρ(t))+ ≤
∫ t

0

((t− s)−1/2 + 2)(||vn(s)||∞ − ρ(s))+ds

+
∫ t

0

((t− s)−1/2 + 2)(||vn(s)||2∞ − ρ2(s))+ds

+ ey0

∫ t

0

((t− s)−1/2 + 4)(||vn(s)||∞ − ρ(s))+ds

≤
∫ t

0

((t− s)−1/2 + 2)(||vn(s)||∞ − ρ(s))+ds

+ γn

∫ t

0

((t− s)−1/2 + 2)(||vn(s)||∞ − ρ(s))+ds

+ ey0

∫ t

0

((t− s)−1/2 + 4)(||vn(s)||∞ − ρ(s))+ds,

where γn = max(||vn||L∞(R+×R), ||ρ||L∞(0,t0/2)). By Gronwall’s inequality we de-
duce that vn(y, t) ≤ ρ(t) for all y in R and for every t ∈ [0, t0/2], and by passing
to the limit, so is v. This shows (2) in Lemma 2.1.

On the other hand, since v is uniformly bounded on R× [0, t0], we deduce that

lim
y−→−∞(e3yv(y, t) + e2yv(y, t)) = 0(2.7)

uniformly for t ∈ [0, t0], whence

lim
x−→ 0

x4(f(x, t) + f2(x, t)) = 0.(2.8)

Using the boundedness of v and standard regularity results, we find that the solu-
tions of (2.2) satisfy

|vy| ≤ Cδ for δ < t < t0,

whence

|fx| ≤ C

x2
for δ < t < t0.(2.9)

Moreover, observe that, by the form of the supersolution v given in (2.3a),

f(x, t) ≤ C2e
at

xb+1
for x� 1,(2.10)

so that, since b > 3,

lim
x−→∞x4(f + f2) = 0.(2.11)

To control the term fx in (1.1d) we argue as follows. For any R > 1, we define

gR(x, t) = R4f(x+R, t)

so that gR satisfies the equation

∂g

∂t
=

1
(x +R)2

∂

∂x
[(x+R)4(

∂g

∂x
+ g +

g2

R4
)].(2.12)

By (2.10), we have that gR(x, t) −→ 0 as R −→∞ uniformly on sets where |x| ≤ 1
and 0 ≤ t ≤ T . On the other hand, in such regions, (2.11) can be viewed as a
diffusion equation having a diffusion coefficient D(x,R) = O(R2) for R � 1. If
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we assume for a moment that D(x,R) ≡ R2, then we could absorb this coefficient
by defining a new time scale s = R2t. We would then have that gR(x, s) −→ 0 as
R −→ ∞, uniformly on sets |x| ≤ 1 and 0 ≤ s ≤ R2T . Classical regularity theory
then yields

|∂gR

∂x
| −→ 0, as R −→∞

uniformly on sets |x| ≤ 1/2 and 1 ≤ s ≤ R2T . Hence

|∂f
∂x
| = o(

1
x4

) as x −→∞,(2.13)

uniformly on sets 1
x2 ≤ t ≤ T . Putting together (2.11) and (2.13), we see that (1.1d)

holds as x −→ ∞ under our current assumptions. The case D(x,R) = O(R2) for
large R follows by recalling (cf. [A]) that fundamental solutions of the heat equation
provide upper and lower bounds for fundamental solutions of parabolic equations
of the type

ut =
∑
i,j

(ai,j(x, t)uxi)j

provided that

λ|ξ|2 ≤
∑

ai,j(x, t)ξiξj ≤ Λ|ξ|2,
for some positive constants Λ > λ > 0 and any vector ξ = (ξ1, · · · , ξN ). From
this we obtain (1.1d) when x −→ ∞ via standard representation formulas for the
solutions of (2.12).

We next prove the following singularity result for solutions of (1.1a)− (1.1d).

Lemma 2.2. For every ε > 0, there exists initial data Fε satisfying (2.4) such that
the corresponding solution fε of (1.1) given by Lemma 2.1 satisfies∫ ∞

0

x2fε(x, t)dx = ε for all t > 0,(2.14)

whereas, if we set

Gβ(t) =
∫ 1

0

xβf2
ε (x, t)dx,

then
For any β such that 2 < β < 3 there exists t∗ = t∗(β, Fε) <∞ at which

Gβ(t) becomes unbounded.
(2.15)

Notice that this result implies that, regardless of how small the initial number
of photons is, we may find radiation distributions for which (1.9) ceases to hold in
a finite time. Notice also that (2.15) is compatible with the bound (1.10a) required
for global existence in Theorem 2.

Proof. Let f(x, t) be any of the solutions obtained in Lemma 2.1. Clearly one has

N(f) ≡
∫ ∞

0

x2f(x, t)dx =
∫ ∞

−∞
v(y, t)e2ydy

≤
∫ ∞

0

v(y, t)e2ydy <∞.

(2.16)
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In view of our choice of supersolution in (2.3), we also have∫ ∞

0

xβ+1f2(x, t)dx =
∫ ∞

−∞
v2(y, t)eβydy <∞,(2.17)

provided that 2 < β < 2b. We now claim that the solutions just obtained are such
that the function

Gβ(t) =
∫ ∞

0

xβf2(x, t)dx ≡
∫ +∞

−∞
e(β−1)yv2(y, t)dy(2.18)

cannot exist for all t > 0 if 2 < β < 3. In order to show this we argue as follows.
Set α = β − 1 = k + r, where 0 < k < min(1, r), and define

Φr(y) = λr exp(−r
√

1 + y2),

where λr > 0 is selected so that∫ +∞

−∞
Φr(y)ekydy = 1.(2.19)

We next consider a smooth, nonnegative cut-off function φ such that 0 ≤ φ ≤ 1,
φ(x) = 1 if |x| ≤ 1, φ(x) = 0 if |x| ≥ 3 and |φ′| ≤ 1. We then define a sequence
φn through the relation φn(x) = φ(x/n) for n = 1, 2, · · · . To proceed further we
rewrite (2.2) in the form

vt =
(
ekyvy

)
y
e−ky + (1 − k)vy − 2v + 2v2 + (v2)y + ey(3v + vy).(2.20)

We now multiply both sides of (2.20) by ekyφn(y)Φr(y) and integrate over the whole
line. Dropping the subscript n for convenience, a routine computation gives us

d

dt

∫
R

vΦrφe
kydy =

∫
R

v
(
eky(Φφ)y

)
y
dy + (k − 1)

∫
R

vφyΦre
kydy

+ (k − 1)
∫
R

vφΦrye
kydy + [k(k − 1)− 2]

∫
R

vΦrφe
kydy

+ (2− k)
∫
R

v2Φrφe
kydy −

∫
R

v2Φrφye
kydy −

∫
R

v2Φryφe
kydy

+ [3− k − 1]
∫
R

vΦrφe
(k+1)ydy −

∫
R

vΦrφye
(k+1)ydy −

∫
R

vφΦrye
(k+1)ydy.

(2.21)

On the other hand, one readily sees that

Φ′′r ≥ −rΦr, Φ′′r + kΦ′r ≥ −r(k + 1)Φr.(2.22 )

Taking this into account, we deduce that∫
R

v
(
eky(Φrφ)y

)
y
dy ≥

∫
R

(
φyyΦr + 2Φryφy + kφyΦr

)
vekydy

− r(k + 1)
∫
R

vΦrφe
kydy,

(2.23 a)

and

(2− k)
∫
R

v2Φrφe
kydy −

∫
R

v2Φryφe
kydy ≥ (2 − k − r)

(∫
R

vΦrφe
kydy

)2

,

(2.23 b)
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where we have also made use of (2.19) to derive the last inequality above. Plugging
(2.23) into (2.21), we derive

d

dt

∫
R

vΦrφe
kydy ≥c(r, k)

∫
R

vΦrφe
kydy + (2− (k + r))

(∫
R

vΦrφe
kydy

)2

+ (2− (k + r))
∫
R

vΦrφe
(k+1)ydy + Ψn(t),

(2.24a)

where c(r, k) = k2 − k(1 + 2r)− 2, and

Ψn(t) =
∫
R

(φyyΦr + 2φyΦry + kφyΦr)ekydy + (k − 1)
∫
R

vΦrφye
kydy

−
∫
R

v2Φrφye
kydy −

∫
R

vΦrφye
(k+1)ydy.

(2.24b)

Notice that we have kept the subscript n in the left of (2.24b) to stress the depen-
dence on n. As a matter of fact, we use this dependence to observe that

If
∫
R

v2Φre
kydy is finite for any t > 0, then

for all t > 0, lim
n−→∞Ψn(t) = 0.

(2.25)

Statement (2.25) follows at once by letting n −→ ∞ in (2.24b) and using the
dominated convergence theorem. On the other hand, we also have

lim
n−→∞

(
∂

∂t

∫
R

vΦrφne
kydy

)
=

∂

∂t

∫
R

vΦre
kydy.(2.26)

It then follows that, letting n −→∞ in (2.24),

∂

∂t

∫
R

vΦre
kydy ≥ c(r, k)

∫
R

vΦre
kydy + (2− k − r)

(∫
R

vΦre
kydy

)2

,(2.27)

provided that the assumption in (2.25) holds. Analysis of the differential inequality
(2.25) readily shows that I(t) =

∫
R
vΦre

kydy would blow-up in finite time if I(0) =∫
R v0Φre

kydy is selected large enough, which contradicts (2.25). We have thus
shown that the quantity

∫
R v2Φre

kydy cannot be global in time. To be more precise,
the result actually obtained is the following:

The function J(t) =
∫ 0

−∞
v2e(β−1)ydy cannot be global in time.(2.28)

To derive (2.28) we merely observe that e−r
√

1+y2+ky ∼ e(r+k)y = eαy for −y � 1
and e−r

√
1+y2+ky ∼ e−(r−k)y for y � 1, whence∫ ∞

0

v2Φre
kydy ≤ C1

∫ ∞

0

v2e−(r−k)ydy

≤ C2

∫ ∞

0

e−2by2−(r−k)ydy <∞,

for some positive constants C1 and C2.
We conclude the proof by observing that the quantity Gβ(t) may blow-up in

finite time even if the initial number of photons is arbitrarily small. To wit, we
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take γ ∈ (β−1
2 , 2) and define

v0(y) =

{
e−γy if −A < y < −B < 0,
0 otherwise,

and proceed to compare the quantities

I1(t) =
∫
R

v2
0Φre

kydy and I2(t) =
∫
R

v0e
2ydy.

A straightforward computation shows that

I2(t) =
∫ −B

−A

e(2−γ)ydy ≤
∫ −B

−∞
e(2−γ)ydy =

e−(2−γ)B

2− γ
.

Now, ifB is large enough, λre
−r
√

1+y2 ≥ ery/2 provided that y < −B. We therefore
have

I1 = λr

∫ −B

−A

v2
0e

kye−r
√

1+y2
dy

≥ 1
2

∫ −B

−A

e−2γy+αydy =
e(2γ−α)A

2(2γ − α)
(1 − e−(2γ−α)(A−B)).

Therefore, if we select A−B > δ > 0, we eventually obtain

lim
A−→∞

I1 = ∞, lim
B−→∞

I2 = 0,

whereupon the result follows.

3. A global existence result. Uniqueness

In this section we give the proof of Theorem 2 and of the uniqueness statement in
Theorem 1. We begin by proving the existence of global solutions for the problem
consisting of (1.1a) − (1.1c) and (1.10). It is now convenient to use the auxiliary
variable

u(x, t) = x2f(x, t).

A quick check shows that (1.1a)− (1.1c) is then rewritten in the form

ut = (x2ux − 2xu+ x2u+ u2)x, for x ∈ (0,+∞), t > 0,(3.1 a)

u(x, 0) = x2F (x), for x ∈ (0,+∞),(3.1 b)

(x2ux − 2xu+ x2u+ u2)−→ 0 when x−→ 0 and x−→∞.(3.1 c)

Together with (3.1) we shall also consider the following problem

ut = (ϕn(x2)ux − 2xu+ x2u+ u2)x, for x ∈ (0,+∞), t > 0,(3.2 a)

u(x, 0) = x2F (x), for x ∈ (0,+∞),(3.2 b)

u(0, t) = 0, for t > 0,(3.2 c)
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where, for n = 1, 2, · · · , ϕn is a C1 function such that ϕ′n ≥ 0 and

ϕn(z) =


1
2n

if z ≤ 1
2n
,

z if
1
n
≤ z ≤ n,

2n if z ≥ 2n.

By standard results, for every n there is a unique global, classical solution un to
problem (3.2). We now derive suitable bounds on the sequence un. To this end, let
us consider the following two auxiliary equations

x4(f ′ + f + f2) = α, x ∈ (0,∞),(3.3)

x2ϕn(x2)f ′ + 2x(ϕn(x2)− x2)f + x4f + x4f2 = α, x ∈ (0,∞),(3.4)

where α is a positive parameter. For n large enough, it is easy to construct super-
solutions fα of (3.3) and (3.4) of the form

fα(x) =


β

x2
, if 0 < x < 1,

β

x4
, if x > 1,

(3.5)

with β sufficiently large. Therefore, for any initial data F satisfying the hypothesis
of Theorem 2 there exists one of these supersolutions fα such that

F (x) < fα(x), for all x > 0, provided that β is large enough.(3.6)

Moreover, we claim that if we define

un(x) = x2fα(x),(3.7)

we then have

un(x, t) ≤ un(x), for all x > 0 and t > 0.(3.8)

Indeed, by (3.6), (3.8) clearly holds at t = 0, as well as at x = 0 for any t > 0.
Since un given by (3.7) is a stationary supersolution of (3.2a), (3.8) follows from
the maximum principle. We now deduce from (3.8) that the sequence {un}n∈N

is bounded in L∞(R × R+). By classical parabolic regularity, we then have that
{un}n∈N is actually bounded in C2,1(R×R+). Therefore there exist a subsequence,
still denoted by {un}n∈N, and a function u ∈ C2,1(R ×R+), such that {un}n∈N

converges to u uniformly on every compact subset of R × R+. Moreover, the
function u is a classical solution of (3.1a)− (3.1b) and is such that

u(x, t) ≤ x2fα(x), for all x > 0 and t > 0.(3.9)

In particular, by (3.5), we have that f(x, t) = x−2u(x, t), satisfies

f(x, t) ≤ C1

x2
, for 0 ≤ x ≤ 1,(3.10)

and

f(x, t) ≤ C2

x4
, for x ≥ 1,(3.11)

for some given constants C1 and C2. In order to see that the function f(x, t) defined
above is a solution of the problem (P), we need yet to show that condition (1.1d)
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is satisfied as x−→∞. To this end, given R > 0, we consider the function h(x, t)
that is a solution to

∂h

∂t
=

1
x2

∂

∂x
[x4(

∂h

∂x
+ h+ h2)], when x ∈ (R,∞), t > 0,

h(x, 0) =
σ

x4
, for x ≥ R, h(R, t) =

C2

x4
, for t > 0,

where σ ∈ (0, C2/2) is a constant. Observe first of all that the existence of such a
function h follows by a slight modification of the existence proof for the function
f = x−2u given above. On the other hand, since by (1.11) x4F (x)−→ 0 as x−→∞,
we deduce that for any given σ ∈ (0, C2/2), f(x, 0) ≡ F (x) ≤ h(x, 0) for every x > R
if R is large enough. Moreover, by (3.11), f(R, t) ≤ h(R, t) for every t > 0. By
the maximum principle we deduce that, for R sufficiently large, f(x, t) ≤ h(x, t) for
every x > R and t > 0.

Now set

w(x, t) = x4h(x, t).(3.12)

Then w satisfies
∂ω

∂t
= x2 ∂

∂x

(
wx − 4w

x
+ w +

w2

x4

)
, for x > R, t > 0,(3.13 a)

w(x, 0) = σ, for x > R,(3.13 b)

w(R, t) = C2, for t > 0.(3.13 c)

We next give an estimate of the behaviour of w as x−→∞, uniformly in t. For
this purpose we construct a supersolution of (3.13) which will be larger than w for
R large enough. To this end we consider the solution ω of the following problem

ω′ + (1− 4
x

)ω = 2σ for x ≥ R,(3.14 a)

ω(R) = C2,(3.14 b)

which is explicitly given by

ω(x) = C2e
−(x−R)(

x

R
)4 + 2σx4e−x

∫ x

R

s−4esds.(3.15)

This function is such that limx−→∞ ω(x) = 2σ. If we now set ω(x) = 2σ+ 2ω
x , then

a simple calculation shows that

ω′ + (1 − 4
x

)ω < 2σ, for all x ≥ R.

Since ω(R) = 2σ + 2C2/R < C2 ≡ ω(R) if R is large enough, we deduce by
comparison that

ω(x) ≥ 2σ +
2ω
x
, for all x ≥ R.

But this implies that ω is a supersolution of (3.13), since

x2 ∂

∂x
(ωx − 4ω

x
+ ω +

ω2

x4
) = x2 ∂

∂x
(2σ +

ω2

x4
) = x2(

2ωω′

x4
− 4ω2

x5
)

= x2 2ω
x4

(2σ − ω +
2ω
x

) < 0.
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Using (3.13b) and (3.13c) we deduce that, if R is large enough,

w(x, t) ≤ ω(x), for all x ≥ R and t > 0.

Now, from (3.15), we have

x4f(x, t) ≤ w(x, t) ≤ C2e
−(x−R)(

x

R
)4 + 2σe−xx4

∫ x

R

s−4esds.

Next, from (3.15) we also have

x4f(x, t) ≤ C2e
−(x−R)(

x

R
)4 + 2σe−xx4

∫ x

R

s−4esds;

hence

lim
x−→∞x4f(x, t) = 2σ.

This implies in fact that

lim
x−→∞x4f(x, t) = 0,

uniformly in t > 0. The same argument as in Section 2 proves then that we also
have

lim
x−→∞x4 ∂f

∂x
= 0

uniformly on sets t ≥ 1
x2 . This shows that f satisfies (1.1d) as x−→∞ and con-

cludes the proof of the existence part in Theorem 2.
Let us prove uniqueness now. To this end we argue by contradiction, assuming

that there exist two solutions of problem (P), f1 and f2, such that f1(x, 0) =
f2(x, 0) = F (x). We then set g = f1 − f2, so that g satisfies

x2 ∂g

∂t
=

∂

∂x

(
x4(gx + g + g(f1 + f2))

)
for x > 0 and t > 0.(3.16)

Now let {ξn}n∈N be a sequence of C1 nonnegative functions such that ξn(x) = 0 if
x ≤ 1/2n, ξn(x) = 1 for x ≥ 1/n and ξ′n ≥ 0 for all x > 0. Take also an arbitrary
function ϕ(t) ∈ C∞0 (R) such that ϕ(t) is nonnegative and has support contained
in the half line t > 0. We then multiply both sides of (3.16) by ξn(x)ϕ(t)sgn+g,
where sgn+g = 1 when g is positive and sgn+g = 0 elsewhere. A quick computation
reveals that ∫ ∞

0

ϕ(t)dt(
∫ ∞

0

ξnx
2g+dx)t

=
∫ ∞

0

ϕ(t)dt
∫ ∞

0

ξn(x4g+
x )xdx

+
∫ ∞

0

ϕ(t)dt
∫ ∞

0

ξn(x4g+)xdx

+
∫ ∞

0

ϕ(t)dt
∫ ∞

0

ξn(x4((f1 + f2)g+))xdx

≡ I1 + I2 + I3.

(3.17)
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One then has

I3 =
∫ ∞

0

ϕ(t)dt
∫ ∞

0

ξn(x4((f1 + f2)g+))xdx

= −
∫ ∞

0

ϕ(t)dt
∫ ∞

0

ξ′n(x4((f1 + f2)g+))dx ≤ 0,
(3.18)

and similarly,

I2 ≤ 0.(3.19)

On the other hand,

I1 =
∫ ∞

0

ϕ(t)dt
∫ ∞

0

ξn(x4g+
x )xdx

=
∫ ∞

0

ϕ(t)dt
∫ ∞

0

(x4ξ′n)′g+dx

=
∫ ∞

0

ϕ(t)dt
∫ 1/n

1/2n

(x4ξ′′n + 4x3ξ′n)g+dx.

Since |ξ′n| ≤ Cn and |ξ′′n| ≤ Cn2, for some generic constant C > 0, (1.10a) we then
have by

x4|ξ′′n|g+ ≤ Cx4n2g+(x, t) ≤ Cx2g+(x, t) ≤ C, for all x ∈ (
1
2n
,
1
n

),

and, in the same way,

x3|ξ′n|g+(x, t) ≤ Cx3ng+(x, t) ≤ Cx2g+(x, t) ≤ C, for all x ∈ (
1
2n
,
1
n

).

Therefore,

I1−→ 0, as n−→∞,(3.20)

and so, for every ϕ ∈ C∞0 , nonnegative with compact support in t > 0,∫ ∞

0

ϕ(t)dt(
∫ ∞

0

ξnx
2g+dx)t ≤ 0,

whence
∂

∂t

∫ ∞

0

x2(f1 − f2)+dx ≤ 0

and thus f1 ≡ f2.

End of the proof of Theorem 1. We take up here the notation in Lemma 2.1, and
observe that by assumption the initial data F satisfies

F (x) ≤ C

xb+1

for some b > 3, so that x4F (x)−→ 0 as x−→+∞. Therefore, the uniqueness result
in Theorem 2 can be applied to the solution v constructed therein that satisfies
(1.11a) and (1.11b).

4. Singularity profiles: matched asymptotic expansions

We explain in this section how the existence of the solutions described in Theorem
3 is derived in a formal way.
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1.1. Preliminary steps. Our starting point is the change of variables (2.1),
which transforms (1.1a) into (2.2). A first important remark is that as y−→−∞,
the dominant terms in (2.2) are

vt = vyy + vy − 2v + 2v2 + 2vvy, for y ∈ (−∞,+∞) and t > 0.(4.1)

Moreover, a dominated balance argument reveals that when v � 1, the dynamics
of (4.1) is encoded in the simplified equation

vt = vyy + 2vvy + 2v2.(4.2)

We shall therefore consider our rescaled equation (2.2) as a sort of perturbation of
(4.2) above. It has been shown in [AE] that (4.2) has solutions which blow-up in fi-
nite time. By this we mean that there exist T > 0 and sequences {yn}n∈N, {tn}n∈N

such that limn−→∞ yn = y0, with −∞ ≤ y0 ≤ +∞, limn−→∞ tn = T and
limn−→∞ v(yn, tn) = ∞. It was also proved in [AE] that, if blow-up occurs for
a solution v(y, t) of (4.2) such that v(y, 0) decays exponentially fast as y−→+∞,
then the singularity must unfold at y = −∞. The dynamics of the singularity
generation should be driven by the equation

vt = 2vvy + 2v2.(4.3)

Indeed, dominance of vyy and 2vvy would lead to a flow described by the Burgers
equation, which does not develop singularities at all. On the other hand, should
the terms vyy and v2 prevail in (4.2), one would be led to a scenario described by
the semilinear equation

vt = vyy + 2v2.

This case is now well understood (cf. for instance [HV1], [V1]). In particular,
it is known that when v(y, 0) decays mildly as y−→±∞, blow-up always occurs
in a bounded space region. Since we are looking for a convection-driven blow-up
occurring at y = −∞ in our case, we have to exclude this last possibility of our
current discussion. Finally, if all three terms on the right of (4.2) were of the
same order near blow-up, a quick dimensional analysis would yield that v should
be bounded.

A question that naturally arises is the manner of blow-up for equation (4.3).
This problem has been considered in [NT]. The authors construct therein solu-
tions of (4.3) for the corresponding Riemann problem which exhibit a shock λ(t)
propagating to the left in the form

λ(t) ∼ log(1− t

T
).

Near such a shock, a singularity unfolds that satisfies

v(t) = O(
1

T − t
).

Taking these facts into account, it seems natural to rescale again as follows

v(y, t) = (T − t)−1φ(ξ, τ), ξ = y − log(T − t), τ = − log(T − t).(4.4)

In this way, (2.4) is transformed into the following equation

φτ = e−τ (φξξ + φξ − 2φ) + (2φ− 1)(φ+ φξ) + e−2τ+ξ(3φ+ φξ)

≡ e−τφξξ + (2φ− 1)(φ+ φξ) + h(ξ, τ),
(4.5)
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Figure 1

for −∞ < ξ <∞ and − logT < τ <∞, where

h(ξ, τ) ≡ e−τ (φξ − 2φ) + e−2τ+ξ(3φ+ φξ).

For definiteness, in what follows we shall normalize the blow-up time by taking
T = 1. It seems sensible to expect that, as τ −→∞, solutions of (4.5) will converge
towards suitable solutions of the associated stationary equation, namely

(2φ− 1)(φ+ φξ) = 0.(4.6)

Notice that (4.6) allows for discontinuous solutions, provided that some balance
conditions are met at the corresponding jumps. Summing up our previous remarks,
we may now state a first requirement to be met by our solutions:

We shall look for solutions of (1.1) which blow up at t = 1, and that satisfy
the following property: When rescaled by means of (2.3) and (2.4), the scaled
function φ(ξ, τ) converges as τ −→∞ to a bounded solution of (4.6) which may
have a nonempty set S of discontinuity points. At any ξ ∈ S, we shall require the
following Rankine-Hugoniot conditions to hold:

[φ2 − φ] ≡ (φ2(ξ+)− φ(ξ+))− (φ2(ξ−)− φ(ξ−)) = 0,(4.7)

where, as customary, φ(ξ+) = limr−→ ξ+ φ(r) and φ(ξ−) = limr−→ ξ− φ(r), and an
entropy condition

φ′(ξ) ≥ −C, in the sense of measures, for some positive constant C.(4.8)

One example of such a solution of (4.6) is given in Figure 1.
In other words, as τ −→∞ we expect φ(ξ, τ) to converge towards a suitable

entropic solution of (4.6) due to the vanishing diffusivity in (4.5). Such functions will
therefore provide the final blow-up patterns for the solutions referred to in Theorem
1. It is therefore natural to ask how such limit profiles could be characterized.
We shall address this question under the assumption that the discontinuity set S
consists of a finite number of points only

S = {ξ1, ξ2, · · · , ξN}.(4.9)

A solution φ(ξ) of (4.6) − (4.9) is then determined by specifying the set of points
x1, x2, · · · , xN+1 where φ(xi) = 1/2. Indeed, away from such points, φ(ξ) is of
exponential type, i.e., φ = Ce−ξ in every continuity interval (ξi, ξi+1). Note that
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in Figure 1, x1 has been selected so that φ(0) = 1. For definiteness we shall retain
this assumption for the rest of the paper. Condition (4.8) now reads

[φ] > 0 at ξ = ξi, i = 1, 2, · · · , N.(4.10)

In turn, (4.7) yields

φ(ξ+i )− 1
2

=
1
2
− φ(ξ−i ), i = 1, 2, · · · , N.(4.11)

4.2. Shock-induced instability of the final profiles. When looking for time-
dependent solutions of (1.1) which behave as indicated above, an important feature
to be reckoned with is the unstable character of the blow-up patterns φ. By this we
refer to a property shared by many blow-up problems, that stems from the fact that
slight changes in the initial values give rise to variations in the value of the blow-up
time as well as in the location of the blow-up points (cf. for instance [HV2] for an
analysis of these facts for a semilinear heat equation). One of the main features
of this paper is that in the case under examination here, this type of instability
is related to the existence of shocks for the hyperbolic part of (4.5). To be more
precise, let φ be the solution of (4.6) given by

φ(ξ) =

{
C1e

−ξ if ξ > 0,

C2e
−ξ if ξ < 0.

(4.12)

In this case the shock condition reads

C1 − 1
2

=
1
2
− C2, C1 > C2.(4.13)

Consider now the solution of the equation

φτ = (2φ− 1)(φ+ φξ), for ξ ∈ (0,∞), τ > 0,(4.14)

with the following perturbation of φ as initial data

φ(ξ, 0) =

{
C1e

−ξ if ξ > λ(0),

C2e
−ξ if ξ < λ(0).

(4.15)

with λ(0) a fixed arbitrary positive constant. Let λ(τ) be the point such that
φ(λ(τ), τ) = 1/2. The Rankine-Hugoniot condition now reads

−dλ
dτ

= φ(λ+(τ), τ) + φ(λ−(τ), τ) − 1

= C1e
−λ(τ) + C2e

−λ(τ) − 1.
(4.16)

Using Taylor’s theorem, we obtain

−dλ
dτ

∼ C1(1− λ(τ)) + C2(1− λ(τ)) − 1

= −(C1 + C2)λ(τ),
(4.17)

or equivalently

dλ

dτ
∼ λ(τ).(4.18)

An exponential instability would then arise for arbitrarily small perturbations of
the stationary solution φ.
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Figure 2

4.3. The asymptotics away from the shocks. While the dynamics of (4.5)
is basically driven by the hyperbolic equation (4.14), there are two regions where
diffusive effects are important. One of these is obviously the neighborhood of the
unfolding shocks. The other one is the region where the factor (2φ − 1) in (4.6)
vanishes and φ

′
< 0. In fact, these last points are very important in determining the

asymptotic profile. This can be seen from an analysis of the characteristic curves
of the equation obtained by linearizing in (4.14) around φ, namely

Gτ = (2φ− 1)(G+Gξ).(4.19)

Indeed, if φ is as in (4.12) with C1 = 1 and C2 = 0, the characteristics of (4.19)
are as depicted in Figure 2. In this figure φ(x1) = 1

2 . This clearly shows that
perturbations propagate from a neighborhood of ξ = x1, where diffusive effects
need to be understood. To this end, we again fix an index i and introduce a new
variable λ, given by

λ = (ξ − xi)eτ/2.(4.20)

We now linearize around φ by setting

ϕ(λ, τ) = φ(xi + λe−τ/2, τ) − φ(xi + λe−τ/2).(4.21)

A straightforward computation reveals that ϕ solves

ϕτ =ϕλλ − 3
2
λϕλ + e−τ (φξξ + φξ − 2φ) + (2φ− 1)ϕ+ eτ/2ϕλ((2φ− 1) + λe−τ/2)

+ 2eτ/2ϕϕλ + 2ϕ2 + (e−τ/2ϕλ − 2e−τϕ) + 2eξ−2τφ+ eξ−2τ (3ϕ+ eτ/2ϕλ)

≡ ϕλλ − 3
2
λϕλ + e−τ (φξξ + φξ − 2φ) + (2φ− 1)(ϕ+ eτ/2ϕλ) + g1(λ, τ),

(4.22)

where

g1(λ, τ) ≡ λϕλ + 2ϕ2 + 2eτ/2ϕϕλ − 2e−τϕ+ e−τ/2ϕλ

+ 2e−2τ+ξφ+ e−2τ+ξ(3ϕ+ eτ/2ϕλ)

To take proper account of the third and fourth terms in the right of (4.22), we set

ϕ(λ, τ) = e−τφ1(ξ) + ψ(λ, τ),(4.23)
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where φ1(ξ) solves

φ1 + (φξξ + φξ − 2φ) + (2φ− 1)(φ1 + φ1ξ) = 0.(4.24)

In other words, we are replacing (4.21) by

φ(xi + λe−τ/2, τ) = φ(xi + λe−τ/2) + e−τφ1(xi + λe−τ/2) + ψ(λ, τ).(4.25)

It turns out that ψ satisfies the equation

ψτ = ψλλ − 3
2
λψλ + g(λ, τ) ≡ Aψ + g(λ, τ),(4.26)

where

g(λ, τ) = e−2τφ1ξξ −
1
2
λe−3τ/2φ1ξ + e−2τφ1ξ + λψλ + e−τ/2ψλ

+ 2ϕ2 + 2eτ/2ϕϕλ + 2e−2τ+ξφ+ e−2τ+ξ(3ϕ+ eτ/2ϕλ).

Equation (4.26) can be seen as a semilinear evolution equation in a suitable function
space, which is selected in view of the spectral properties of the operator A. This
last is easily seen to be a self-adjoint operator in the space L2

w(R) given by

L2
w(R) = {f ∈ L1

loc(R);
∫
R

|f(r)|2e−r2/4dr <∞}.

The corresponding domain D(A) is seen to coincide with the space

H2
w(R) = {f ∈ L1

loc(R); f, f ′ and f ′′ belong to L2
w(R)}.

Clearly, L2
w(R) is a Hilbert space when endowed with the norm

||f ||2 = 〈f, f〉 =
∫
R

|f(r)|2e−r2/4dr.

A quick check reveals that A has eigenvalues {λk} given by

λk = −3k
2
, k = 0, 1, 2, · · · .(4.27 a)

The corresponding eigenfunctions, which can be written in terms of rescaled Her-
mite polynomials, will be denoted by

L0, L1(λ), L2(λ), · · ·(4.27 b)

where L0 is constant, L1(λ) = a1λ, and the Lk’s satisfy the normalization condition
||Lk|| = 1 for every k. It is then natural to expand ψ as a Fourier series

ψ(λ, τ) =
∞∑

k=0

ak(τ)Lk(λ).(4.28)

The coefficients {ak(τ)} are to be determined by substituting (4.28) in (4.26). If
g(λ, τ) in that equation consists of lower order terms, as it will be proved, we readily
obtain that for τ � 1,

a0(τ) ∼ a0 for some constant a0,

a1(τ) ∼ Ce−3τ/2 for some constant C,

ak(τ) = o(e−3τ/2), uniformly on bounded sets of λ.

(4.29)
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Combining (4.29) and (4.25), we arrive at

φ(xi + λe−τ/2, τ) ∼φ(xi + λe−τ/2) + e−τφ1(xi + λe−τ/2)

+ a0 + Cλe−3τ/2 + o(e−3τ/2),
(4.30)

uniformly for λ on bounded subsets of R and τ � 1. For definiteness, we shall
assume in what follows that i = 1, so that the function φ in Figure 1 is such that

φ(ξ) = e−ξ, for 0 < ξ < ξ1,

and thus, x1 = log 2. In that case, integrating the equation (4.24), we obtain

φ1(ξ) = e−(ξ−x1) + C0(1− e−(ξ−x1)),(4.31)

where C0 is an arbitrary constant. When λ remains bounded, λ = O(1), and for
large enough τ , i.e. at points ξ, τ where |ξ − x1| = |λ|e−τ/2 � 1, one then has

φ1(ξ) ∼ (1 + C1)− λe−τ/2,(4.32)

with C1 = C0/(1−C0). In view of (4.30) and (4.32), the following expansion holds

φ(ξ, τ) ∼ a0 + e−ξ + (1 + C1)e−τ − e−3τ/2λ+ Ce−3τ/2λ

≡ a0 + e−ξ + (1 + C1)e−τ + C2e
−3τ/2λ,

(4.33)

for |ξ− x1| = |λ|e−τ/2, with λ = O(1) and τ � 1. Away from the smoothed shock,
which we have assumed to occur near ξ = 0, we expect for φ an expansion such as

φ(ξ, τ) = φ(ξ) + e−τφ1(ξ) + · · ·
= e−ξ + e−τ (e−(ξ−x1)) + C0(1− e−(ξ−x1)) + · · · .(4.34)

It is important to notice then that (4.33) can be matched to (4.34) provided that

a0 = 0 in (4.33).(4.35)

As a matter of fact, if a0 6= 0, we could still remain close to a shifted version of φ,
but not to φ itself.

To describe the structure of the diffusive boundary layers introduced by the
term e−τφξξ in equation (4.5) near the unfolding shocks, we take a fixed index i
and define an inner variable as follows

η = (ξ − ξi)eτ .(4.36)

Then (4.5) transforms into

e−τφτ = φηη + (2φ− 1)φη + e−τ ((2φ− 1)φ− ηφη + φη)

− 2e−2τφ+ e−3τeξi+ηe−τ

(3φ+ e−τφη).
(4.37)

It then seems natural to expect that the dynamics near ξ = ξi will be asymptotically
described by a Burgers-type mechanism. Namely, for |η| = O(1) and τ � 1, we
expect φ(ξ, τ) to behave as the solution of

φηη + (2φ− 1)φη = 0, for η ∈ (−∞,+∞), τ > 0,(4.38 a)

with boundary conditions

φ(η)−→Ll = φ(ξ−i ) as η−→−∞,(4.38 b)

φ(η)−→Lr = φ(ξ+i ) as η−→+∞.(4.38 c)
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The solution of (4.38) is explicitly given by

φB(η) =
Lr + Lle

−(Lr−Ll)(η−η0)

1 + e−(Lr−Ll)(η−η0)
,(4.39 a)

where

Lr + Ll = 1.(4.39 b)

Notice that there are two free parameters in (4.39), say Lr and η0. These cannot
be fixed yet, since they have to be selected by imposing a suitable matching with
the region located away from the smoothed shocks. Let us now turn our attention
to that region.

4.4. Matching the regions close to and away from the smoothed shocks.
We now address the question of the compatibility of the asymptotic representations
given in (4.34) an in (4.39). In particular, we can think of (4.34) as an outer
expansion to be matched with an inner one near ξ = 0. In terms of the variable
η = ξeτ defined in (4.36) (remember that we have assumed that ξ0 = 0), (4.34) can
be rewritten in the form

φ(η, τ) ∼ 1− ηe−τ + (2− C0)e−τ + o(e−τ ), for η > 0, η = o(eτ ), τ � 1.(4.40)

As to the corresponding condition for η < 0, we may just assume that

φ(η, τ) = O(e−τ ), for η < 0, η = o(eτ ), τ � 1.(4.41)

As an inner expansion, in (4.37) we shall try

φ(η, τ) = φ0(η) + e−τφ1(η) + · · · ,(4.42)

where

φ0 =
1

1 + e−(η−η0)
is such that

φ0(η)−→ 1 as η−→∞, φ0(η)−→ 0 as η−→−∞.
(4.43)

Notice that since φB given in (4.39) depends on two arbitrary constants, (4.43)
still leaves one parameter free, say η0, in the definition of φ0. Plugging (4.42) into
(4.37) and retaining leading order terms, we readily see that φ1 has to satisfy the
equation

φηη + (2φ0 − 1)φη + 2φ0ηφ = −((2φ0 − 1)φ0 − ηφ0η + φ0η)

= −((2φ0 − 1)φ0 + φ0η − (η − η0)φ0η − η0φ0η)

≡ F1(η − η0) + η0F2(η − η0).
(4.44)

Let us describe in detail the behaviour of the solutions of (4.44). To begin with,
consider the homogeneous equation

φηη + (2φ0 − 1)φη + 2φ′0φ = 0.(4.45)

This is nothing but the linearization around the solution φ0 of the equation (4.38a).
On the other hand, as we already noticed, the set of solutions of such an equation
consists of the following two-parameter family

φ(η; a, b) =
a+ (1− a)e−(2a−1)(η−b)

1 + e−(2a−1)(η−b)
,
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where a represents the height of φ as η−→∞ (so that (1 − a) corresponds to
the height as η−→−∞), and b is a translation parameter, so that φ(η; a, b) =
φ(η − b, a, 0). It then turns out that

φ1,1(η) =
∂φ

∂a

∣∣∣∣
a=1

=
1 + 2(η − b)e−(η−b) − e−2(η−b)

(1 + e−(η−b))2
(4.46 a)

and

φ1,2(η) =
∂φ

∂b

∣∣∣∣
a=1

=
e−(η−b)

(1 + e−(η−b))2
.(4.46 b)

are two independent solutions of (4.45). A direct computation then shows that

φ1,1(η)−→ 1 as η−→+∞; φ1,1−→−1 as η−→−∞,(4.47 a)

φ1,2(η) ∼ e−(η−b) as η−→+∞,

φ1,2 ∼ e(η−b) as η−→−∞.
(4.47 b)

As a next step we now describe the asymptotics of those solutions φ of (4.44) such
that φ(0) = φ′(0) = 0. In view of the explicit form of the right hand side in (4.44)
and since the equation is linear, we have φ(η, η0) = φ1(η−η0)+η0φ2(η−η0), where
φi satisfies (4.44) with nonhomogeneous term Fi for i = 1, 2. Using the variation
of constants formula, we readily obtain

φ1(η − η0) ∼
{− (η − η0)Γ1 as η−→+∞,

γ1 as η−→−∞,

φ2(η − η0) ∼
{Γ2 as η−→+∞,

γ2 as η−→−∞,

where Γ1, Γ2, γ1 and γ2 are fixed constants independent of η0. It then turns out
that the general solution φ1 of (4.44) satisfies

φ1(η, η0) ∼ C1 +O(e−η)− (η − η0) + Γ1 + Γ2η0 as η−→∞,(4.48 a)

φ1(η, η0) ∼ −C1 +O(eη) + γ1 + γ2η0 as η−→−∞,(4.48 b)

where C1 is an arbitrary constant. From (4.42) and (4.48) we obtain that the inner
expansion for φ has the form

φ(η, τ) ∼ 1 + e−τ (C1 + Γ1 + Γ2η0 − (η − η0)) as η−→+∞,(4.49 a)

φ(η, τ) ∼ e−τ (−C1 + γ1 + γ2η0) as η−→−∞,(4.49 b)

Finally, matching (4.49) with (4.40) requires that

C1 = γ1 + γ2η0,(4.50 a)

2− C0 = C1 + Γ1 + η0(Γ + 2 + 1),(4.50 b)

and this gives the values of the constants C1 and η0. Observe that at this stage the
constant C0 remains free. In order to fix its value the next term in the asymptotic
expansion is needed in the same way as we have done to determine the value of η0.

It might thus appear as if our problem had already been solved, at least at
the current formal level. Indeed, we now have a candidate for our limit pattern.
This consists of a Burgers-type profile near the smoothed shocks, given by φ(ξ, τ)
satisfying (4.42)-(4.44), which connects points far away from ξi with φ(ξ, τ) given by
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(4.34). Once such a global representation φ(ξ, τ) has been obtained, a natural way
to prove the existence of our solutions would be to start from a profile close enough
to such a function φ(ξ, τ) at, say, τ = τ0, and then show that the corresponding
solution of (4.5) would converge to φ as τ −→∞, where φ is the function specified
in (4.12).

As it turns out, however, the proposed profile φ(ξ, τ) has yet to be modified, due
to a strong instability that is inherent to the problem, but that has been overlooked
in the previous argument. In order to show the instability of the unfolding shocks,
let us start with initial data as depicted in Figure 1 with a shock at ξ = 0. It will
be better to use an expansion of φ in the form

φ(η, τ) = φ0(η − g(τ)) + e−τφ1(η − g(τ)) + · · ·(4.51)

with η = ξeτ , and where g(τ) is such that

φ(g(τ), τ) =
1
2
,

so that φ0(0) =
1
2
,

φk(0) = 0, for all k = 1, 2, · · · .
To the leading order, equation (4.37) reads

e−τφτ = φηη + (2φ− 1)φη + e−τ ((2φ− 1)φ− ηφη + φη),

whence

−g′(τ)φ′0 = φ′′1 + (2φ0 − 1)φ′1 + 2φ′0φ1 + (2φ0 − 1)φ0 − ηφ′0 + φ′0.(4.52)

Now let us call W the solution of the problem

W ′′(η) + (2φ0(η − g(τ))− 1)W ′(η) + 2φ′0(η − g(τ))W (η)

+ ((2φ0(η − g(τ)) − 1)φ0(η − g(τ)) − ηφ′0(η − g(τ)) + φ′0(η − g(τ))) = 0,

W (0) = 0, W (η) = o(1), as η−→−∞.

It is straightforward to see that

W (η) = −η + C∞ as η−→+∞,

for some given constant C∞. On the other hand, let V be the solution of

V ′′(η) + (2φ0(η)− 1)V ′(η) + 2φ′0(η)V (η) = φ′0(η),

V (0) = 0, V (η) = o(1) as η−→−∞,

We can then write

φ1(η − g(τ)) = W (η, τ)− g′(τ)V (η − g(τ)) + C(τ)φ1,1(η − g(τ)),

where the last term in the right hand side is a solution of the homogeneous equation
(4.45), and C(τ) is a constant which may possibly depend on τ . In view of the
definition of W it is natural to split W as follows

W (η, τ) = g(τ)V (η − g(τ)) +R(η − g(τ)),(4.53)
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where R is a solution of
R′′(η) + (2φ0(η) − 1)R′(η) + 2φ′0(η)R(η),

= −((2φ0(η)− 1)φ0(η) − ηφ′0(η) + φ′0(η)),

R(0) = 0, R(η) = o(1) as η−→−∞.

Summing all these things up, we may represent φ1 in the form

φ1(η − g(τ)) =− g′(τ)V (η − g(τ)) +R(η − g(τ))

+ C1(τ)φ1,1(η − g(τ)) + g(τ)V (η − g(τ)) + · · · .
Taking into account the behaviour of the auxiliary functions V , φ1,1 and R, we
obtain the following behaviours at ±∞

φ(η, τ) ∼


0− C1e

−τ as η−→−∞,

1 + e−τ{−g′(τ)V (+∞)− (η − g(τ)) + C∞ + C1 + g(τ)V (∞)}
as η−→∞.

We now have to match these conditions with the outer expansion given by (4.40).
This gives C1 = 0 and

−g′(τ)V (+∞) + g(τ) + C∞ + g(τ)V (+∞) = (2− C0).(4.54)

Now let us determine V (+∞). To this end we first remark that the function

φc(η) =
1− c

(1− 2c)e−(1−c)η + 1

satisfies
φ′′c + (2φc − 1)φ′c + cφ′c = 0,

φc(0) =
1
2
, φc(η)−→ 0, as η−→−∞.

Therefore
∂φc

∂c

′′
+ (2φc − 1)

∂φc

∂c

′
+ 2φ′c

∂φc

∂c
= −φ′c − cφ′c,

∂φc

∂c
(0) = 0;

∂φc

∂c
(η)−→ 0, as η−→−∞;

∂φc

∂c
(η)−→−1, as η−→∞.

By the definition of V we see that

V (η) = −∂φc

∂c
|c=0

and so V (+∞) = 1. Finally, the position of the unfolding shock g(τ) satisfies

g′(τ) = 2g(τ) + C∞ − (2− C0)(4.55)

and exhibits an exponential instability. This renders the matching of the inner
solution with the outer solution impossible unless we select the positions of the
smoothed shock λ(τ) where φ(λ(τ), τ) = 1/2 in a suitable way so as to cancel the
exponential growth in (4.55). More precisely, we need to impose the requirement

g(τ0) = −
∫ ∞

τ0

e−2s(C∞ − 2 + C0)ds =
1
2
(C∞ − 2 + C0)e−2τ0 .

Summing up, we are led to restate our basic goal in the following form
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We look for solutions of (1.1) that blow-up at t = 1 and converge (in rescaled
variables) to a given function φ as τ = − log(1−t)−→∞. To this end, we start from
a profile φ(ξ, τ0) described as follows. There will be N points xi where φ(xi, τ0) =
1/2 and φξ(xi, τ0) < 0, andN points λ1(τ), · · · , λN (τ) such that φ(λi(τ0), τ0) = 1/2
and φξ(λi(τ0), τ0) > 0. The function φ(ξ, τ0) will be exponentially small in ξ when
ξ−→−∞, and points xi (resp. λi(τ0)) will be selected close enough to points xi

(resp. to points ξi) in the corresponding function φ(ξ). The dynamics of the desired
solutions proceeds as follows. On intervals (λi(τ), λi+1(τ)), φ(ξ, τ) approaches a
travelling wave solution φ(η− c(τ), τ), where c(τ) varies slowly in time. Away from
such intervals, φ(ξ, τ) is described by expansions of the type (4.34).

5. Proof of the existence of blowing up solutions

This section is devoted to the proof of Theorem 3. To this end, we will make
use of a topological argument which has some analogies with those described for
instance in [HV2], [HV3] and [V2], where various singularity mechanisms for para-
bolic equations have been analyzed.

5.1. General description of the proof. To begin with, we take a fixed solution
φ of (4.6)− (4.8) (cf. Figure 1). Such a function is uniquely determined by giving
the set of points x1 < x2 < · · · < xN where φ(xi) = 1/2. These in turn define the
location of the N discontinuity points ξ0, ξ1, · · · , ξN−1 where we have

φ(ξ+)− 1
2

=
1
2
− φ(ξ−).

As in Section 4, we take x1 such that φ(0) = 1 for simplicity.

5.1.1. A suitable functional frame. For given positive constants M, τ0, τ1 with τ1 ≥
τ0, we now introduce a space of smooth, nonnegative functions A(M ; τ0, τ1) defined
by the following conditions. For a function φ(ξ, τ) to belong to A(M ; τ0, τ1), we
require the existence of N curves {λ1(τ), λ2(τ), · · · , λN (τ)} of class C1 such that,
for every i = 1, · · · , N and for all τ ∈ [τ0, τ1],

|λi(τ)− ξi| ≤Me−τ ,(5.1)

φ(λi(τ), τ) =
1
2
,(5.2)

φξ(λi(τ), τ) > 0.(5.3)

The functions λi(τ) represent the location of the unfolding shocks. Moreover, these
functions λi(τ) would move slowly, as required by the following condition

|dλi

dτ
| ≤Me−τ .(5.4)

Away from the curves {λi(τ)}, the functions in the class will remain exponentially
close to φ. More precisely, let φ1 be given in (4.34). We now require that

|φ(ξ, τ) − φ(ξ)− e−τφ1(ξ)| ≤Me−3τ/2(1 + |ξ − xi|eτ/2)

for all ξ ∈ (ξi−1, ξi) such that max(ξi−1 + 2Me−τ , ξi −M) < ξ < ξi − 2Me−τ

for i = 1, · · · , N and for all ξ ∈ (ξN + 2Me−τ , 2xN ).

(5.5)



A NONLINEAR FOKKER-PLANCK EQUATION 3863

Near the smoothed shocks, we only require the solution to be bounded as follows

φ(ξ, τ) ≤M for all ξ such that |ξ − ξi| ≤ 2Me−τ for some i, and all τ ∈ [τ0, τ1].
(5.6)

We have yet to make precise the expected behaviours for ξ−→±∞. These are
required to be as follows:

For all ξ > 2xN and for all τ ∈ [τ0, τ1] :

φ(ξ, τ) ≤
{
Me−ξ if ξ ≤ τ −M,

Me2τ−3ξ if ξ ≥ τ −M.

(5.7)

φ(ξ, τ) ≤Me−τ for all ξ ≤ −2Me−τ and all τ ∈ [τ0, τ1].(5.8)

It is clear that for any fixed M � 1 and τ0 > 0 the set A(M ; τ0, τ1) is not empty.
If we take a function φ0(ξ) ∈ A(M/2; τ0, τ1) and consider the Cauchy problem
consisting of (4.5) for τ > τ0 with initial condition φ(ξ, τ0) = φ0(ξ), standard
continuous dependence results yield that the corresponding solution φ(ξ, τ) remains
in A(M ; τ0, τ1) provided that τ1−τ0 is small enough. We shall assume in the sequel
that such a solution φ(ξ, τ) is given, and prove that, if φ0(ξ) is selected in a suitable
way, and if M and τ0 are large enough, the function φ(ξ, τ) will actually remain
in the interior of this class, say, φ(ξ, τ) ∈ A(M/2; τ0, τ1), regardless of how large
the difference (τ1 − τ0) may be. This will eventually allow us to extend such a
solution as τ −→∞, thus obtaining the global existence of φ in A(M ; τ0,+∞) and
the required converge to φ. As a matter of fact, one considers φ0 as depending on
2N + 1 parameters

φ0(ξ) = φ0(ξ; τ0, α1, · · · , αN , k1, · · · , kN )

and show that our purposes may be achieved by selecting τ0, α1, · · · , αN , k1, · · ·kN

in a suitable way.

5.1.2. Admisible Initial Data. For the sake of definiteness we shall only consider
in detail the simplest case N = 1, ξ1 = 0 and x1 = log 2. The case of a general
solution φ can be treated similarly with only minor modifications. We therefore
select as φ the following solution of (4.6)

φ(ξ) =

{
e−ξ if ξ > 0,
0 if ξ > 0.

We shall consider functions φ0 depending on 3 parameters

φ0(ξ) = φ0(ξ, τ0, α, k).(5.9)

Once we have defined the space A(M ; τ0, τ1) we now describe the set of functions
which will be “admissible” initial data. This is done by prescribing in a precise
way the behaviour of these functions near the points x1 = log 2 and ξ1 = 0. Let
us fix ζ(·) to be a regular nonnegative function of compact support in the interval
(0, 2M) and equal to one in some open subset U containing x1. The function φ0 is
an admissible initial data if for some τ1 > τ0, φ ∈ A(M/2; τ0, τ1) and moreover the
following requirements are satisfied.
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The behaviour away from the smoothed shocks. There exists a real number α such
that for all r satisfying x1 + re−τ0/2 ∈ U we have

φ0(x1 + re−τ0/2) = φ(x1 + re−τ0/2)− e−τ0φ1(x1 + re−τ0/2) + αζ(x1 + re−τ0/2).

The behaviour near the smoothed shock ξ = 0. There exist real numbers η ≡ η0(τ0)
and c(τ0) satisfying

c(τ0) +
1
2
e(1−c(τ0))η0 =

1
2

with |η0(τ0)| −→ 0 as τ0−→+∞, and such that

φ0(ξ) =
1− c(τ0)

1 + e(c(τ0)−1)((ξ−λ(τ0))eτ0−η0)

for ξ ∈ V , a small neighborhood of zero. Observe that one necesarily has that
|c(τ0)| −→ 0 as τ0−→+∞. On the other hand, by definition

φ0(λ(τ0)) =
1− c(τ0)

1 + e(1−c(τ0))η0
=

1
2
.

We shall set k = λ(τ0).
Observe that since φ0 ∈ A(M/2; τ0, τ1) for some τ1 > τ0, we have in particular

that φ0 satisfies (5.7). Therefore, by Theorem 2, the corresponding initial data F
given by xF (x) = φ0(log x) is such that the equation (1.1a) has a unique global
solution f satisfying (1.11a), (1.11b) and (1.13) for all t > 0.

5.1.3. Main steps in the proof. The following are the essential ingredients in our
approach.

STEP ONE. Suppose that we choose any admisible initial data defined above, and
the solution φ(ξ, τ) belongs to the set A(M ; τ0, τ1). If, moreover,

l1(α, k; τ1) ≡
∫
R

Ψ(r, τ1)e−r2/4dr = 0,

where

Ψ(r, τ) = φ0(x1 + re−τ/2)− φ(x1 + re−τ/2)− e−τφ1(x1 + re−τ/2),

then the curve λ(τ) satisfies the ODE

dλ

dτ
= λ(τ) + Ce−τ + εh(τ)

for some positive constant C independent of M , ε = ε(τ0)−→ 0 as τ0−→+∞, and
some function h(τ) = O(e−τ ) for τ � 1.

STEP TWO. Assume that φ ∈ A(M ; τ0, τ1) and

l1(α, k; τ1) ≡
∫
R

Ψ(r, τ1)e−r2/4dr = 0,

l2(α, k; τ1) ≡ λ(τ0) + e−τ0

∫ τ1

τ0

e−2σ(C + εh(σ))dσ = 0.

Then φ(ξ, τ) ∈ A(M/2; τ0, τ1).
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DEGREE ARGUMENT. Let us denote by φ(ξ, τ ;α, k) the solution with any
admisible initial data at τ = τ0 determined by the parameters α and k. For τ0 ≤ τ1
we define a subset of R2

U(τ0, τ1) = {(α, k);φ(ξ, τ ;α, k) ∈ A(M ; τ0, τ1)}.
By continuous dependence on the initial data, the set U(τ0, τ1) is open in R2. We
now consider the application ` defined by

`(α, k; τ) = {l1(α, k; τ), l2(α, k; τ)}.
By our choice of the initial data, ` is C∞ with respect to α, k and τ . We next
denote by d(`,U(τ0, τ); 0) the topological degree of the mapping `(·, ·; τ) in the set
U(τ0, τ) at the value 0. Since α = 0, k = 0 is the only point of U(τ0, τ1) where
`(α, k; τ0) = 0, one then has that d(`,U(τ0, τ0); 0) = 1. The idea is then to prove
that for every τ ≥ τ0, U(τ0, τ) 6= ∅ and d(`,U(τ0, τ); 0) = 1. This is deduced from
the continuity of ` and the fact that ` cannot vanish at the boundary of U(τ0, τ),
which follows from step two. This allows us to extend φ(ξ, τ ;α, k) as τ −→∞, thus
obtaining the global existence of φ in A(M ; τ0,+∞) and the required convergence
to φ.

We next proceed to implement the plan just described.

5.2. Selecting the initial value away from the smoothed shocks. The
purpose of this subsection is to determine how the coefficient α in the initial data
has to be taken. As in Subsection 4.3, we rescale the variable ξ near x1 by setting

λ = (ξ − x1)eτ/2.(5.10)

We then define

ϕ(λ, τ) = φ(x1 + λe−τ/2, τ)− φ(x1 + λe−τ/2)(5.11)

As we noticed in Section 4, ϕ satisfies (4.22). Let us denote by ζ a smooth
positive cut-off function of compact support contained in (0, 2M), which is equal
to one in (δ,M) for some small positive δ. We set

ψ(λ, τ) =
(
ϕ(λ, τ) − e−τΦ1(x1 + λe−τ/2)

)
ζ(x1 + λe−τ/2), for all λ ∈ R.

(5.12)

As described in 5.1.2, at τ = τ0 we pick the initial data φ0 such that

ψ(λ, τ0) = αζ(x1 + λe−τ0/2),(5.13)

where α is a real constant. Observe that this choice means that the initial data φ0

satisfies

φ0(ξ, τ0) = φ(ξ) + φ1(ξ) + α

for ξ in (δ,M). We then prove

Lemma 5.1. Let ϕ(λ, τ) be the solution of (4.22) in the interval [τ0, τ1] with initial
data ϕ(λ, τ0) given by (5.13). Suppose the constant α is such that

〈L0, ψ(λ, τ1)〉 = 0,(5.14 )

where L0 is defined in (4.27b). Then

α = O(e−2τ0),(5.15)
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and ψ(λ, τ) given in (5.12) is such that, for every positive constant Λ, there exists
ε = ε(τ0) with limτ0 −→∞ ε(τ0) = 0 such that

|ψ(λ, τ)| ≤ εe−3τ/2 for all λ ∈ (−Λ,Λ) and all τ ∈ [τ0, τ1].(5.16)

Proof. In view of (4.22), it turns out that ψ satisfies the following equation

ψτ = ψλλ − 3
2
λψλ + g(λ, τ) for all λ ∈ R and τ ∈ [τ0, τ1],(5.17 a)

where

g(λ, τ) = J1(λ, τ) +
∂J2

∂λ
(λ, τ),

J1(λ, τ) = +e−2τζi(φ1ξξ + 3φ1ξ) + e−3τ+ξ(3φ1 + φ1ξ)ζ

+ 2e−2τ + 2ψψ − ψ
2
ζ′eτ/2

+ ψ{λ
2

2
e−τ +

λ

2
e−τ/2 − 2e−τ + 3e−2τ+ξ

+ e−τ (φ1 + φ1ξ)− 2e−2τeλe−τ/2 − 2λo(e−τeτ/2)}J2(λ, τ)

= {o(e−τ )eτ/2λ2ψ + eτ/2ψ
2
ζ + e−τ/2ψ +

1
2
e−τ/2λ2ψ + 2e−3τ/2ere−τ/2

ψ}

(5.17 b)

and ψ is given by

ψ(λ, τ) =
(
ϕ(λ, τ) − e−τΦ1(x1 + λe−τ/2)

)
.

On the other hand, the operator

Aψ = −ψλλ +
3
2
λψλ

is the generator of an analytical semigroup S(τ) on the space L2
ω(R) defined in

Section 4. In fact, if G(x, t) is the heat kernel, G(x, t) = (4πt)−1/2 exp(− |x|2
4t ), and

u(x, t) = (G(t) ∗ v0), then v(y, s) = u(e−3s/2y, 1− e−3s) solves
∂v

∂s
−Av = 0.

Moreover, since the first eigenvalue of A is 0, for every s > 0 we have

||v(s)|| ≤ ||v0||.
By standard results, the solution ψ of (5.17) can be written in the form

ψ(λ, τ) = S(τ − τ0)ψ(·, τ0) +
∫ τ

τ0

S(τ − s)g(·, s)ds.(5.18)

Due to the spectral properties of the operatorA, we may represent ψ in the following
way

ψ(λ, τ) =
∞∑

k=0

ak(τ)Lk(λ).(5.19)

Suppose now that the constant α is such that 〈ψ(λ, τ1), L0〉 = 0, or equivalently∫
R

(φ(x1 + λe−τ1/2, τ1)−φ(x1 + λe−τ1/2, τ1)− e−τ1φ1(x1 + λe−τ1/2, τ1))

× e−λ2/4ζ(x1 + λe−τ1/2, τ1)dλ = 0.
(5.20)
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On taking the scalar product with L0 in (5.18) we obtain

a0(τ0) = −
∫ τ1

τ0

〈S(τ1 − s)g(·, s), L0〉ds.

We now claim that∫ τ1

τ0

〈S(τ1 − s)g(·, s), L0〉ds = O(e−2τ0).(5.21)

In order to show this, we observe that

|
∫ τ1

τ0

〈S(τ1 − s)g(·, s), L0〉ds| = |
∫ τ1

τ0

〈S(τ1 − s)(J1(·, s) +
∂J2

∂λ
(·, s), L0〉ds|

≤
∫ τ1

τ0

|〈J1(·, s), S(τ1 − s)L0〉|ds+
∫ τ1

τ0

|〈S(τ1 − s)
∂J2

∂λ
(·, s), L0〉|ds

≤
∫ τ1

τ0

||J1(·, s)||ds+
∫ τ1

τ0

||∂J2

∂λ
(·, s)||ds

≤
∫ τ1

τ0

||J1(·, s)||ds+
∫ τ1

τ0

e−3
s−τ0

4 (
3

1 − e−3(s−τ0)
)1/2||J2(·, s)||ds ≡ I1 + I2.

(5.22)

To estimate the ||·|| norm of each of these terms, we observe that by construction the
function ζ(x1 + λe−τ/2) is different from zero only in the region where (5.5) holds.
This implies that for all λ ∈ R and all τ ≥ τ0 we have |ψ(λ, τ)| ≤ C(M)e−3τ/2 and
|ψζ| ≤ C(M)e−3τ/2, for some positive constant C(M) independent of τ0. This is
actually sufficient to prove (5.21). This can be seen by noticing that the functions
Jj(λ, s) given in (5.17b) are the sum of different terms. For the sake of brevity
we do not estimate all of these. We analyze just one. Namely, we consider the
following term appearing in J2∫ τ1

τ0

e−3
s−τ0

4 (
3

1− e−3(s−τ0)
)1/2||o(e−τ )eτ/2λ2ψ||ds.

By (5.5),

||λ2ψ(·, s)||2 =
∫
R

|λ2ψ(λ, s)|2e−λ2/4dλ

≤ C(M)e−3τ/2

∫
R

|λ|2(1 + |λ|)2e−λ2/4dλ,

whence ∫ τ1

τ0

e−3
s−τ0

4 (
3

1− e−3(s−τ0)
)1/2||o(e−τ )eτ/2λ2ψ||ds

≤
∫ τ1

τ0

e−3
s−τ0

4 (
3

1− e−3(s−τ0)
)1/2e−s/2C(M)e−3s/2ds ≤ C(M)e−2τ0

Similar estimates hold for all the remaining terms in J1 and J2, whereupon (5.21)
follows. To proceed further and prove (5.16), we split (5.19) as follows

ψ(λ, τ) = a0(τ)L0 +R(λ, τ).

The term R(·, ·) is the projection of ψ on the set orthogonal to the first eigenspace
of A in L2

ω(R). Therefore, it satisfies the equation

Rτ = AR+ g(λ, τ)
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where g is the projection of g. Then, for every τ in [τ0, τ1],

R(λ, τ) = S(τ − τ0)R(·, τ0)(λ) +
∫ τ

τ0

S(τ − s)g(·, s)ds ≡ R1 +R2.

Now, since the second eigenvalue of A is −3/2, we deduce that

||R2|| ≤
∫ τ

τ0

||S(τ − s)g(·, s)||ds ≤
∫ τ

τ0

e−3(τ−s)/2||gi(·, s)||wds.

Using the estimates on ||g|| as before, we finally obtain

||R2|| ≤ C

∫ τ

τ0

e−3(τ−s)/2e−2sds ≤ Ce−3τ/2e−τ0/2 for all τ ∈ [τ0, τ1].

On the other hand,

||R1(τ)|| ≤ e−3(τ−τ0)/2||R(·, τ0)|| ≤ e−3(τ−τ0)/2||ψ(·, τ0)||
= Ce−3(τ−τ0)/2α = Ce−3(τ−τ0)/2O(e−2τ0)

≤ Ce−3τ/2e−τ0/2.

This provides a bound for R(λ, τ) in L2
loc(R × [τ0, τ1]), which in turn gives an

estimate in L∞loc(R × (τ0, τ1] by standard parabolic regularity. In particular, one
has that

For any δ > 0 and any Λ > 0 there exists C > 0 such that

|R(λ, τ)| ≤ Ce−3τ/2e−τ0/2, forλ ∈ (−Λ,Λ) and τ ∈ [τ0 + δ, τ1],
(5.23)

which yields (5.16) for τ ∈ [τ0 + δ, τ1]. In order to prove (5.16) for τ near τ0, we use
the available estimate on the initial data, as well as the continuous dependence of
the solution on its initial value. More precisely, we have

||R(·, τ0)||∞ ≤ ||ψ(·, τ0)||∞ = |α(τ0)|||ζ(x1 + ·e−τ0/2)||∞ ≤ Ce−2τ0 .(5.24)

On the other hand, by continuous dependence, for all positive constants Λ > 0 and
for all τ0 there exists δ1 > 0 such that for all τ ∈ [τ0, τ0 + δ1) and every λ ∈ (−Λ,Λ)
we have

|ψ(λ, τ) − ψ(λ, τ0| ≤ e−2τ0.(5.25)

Then, if we write

δ = min(δ1, τ0/6),(5.26)

we deduce that for all τ ∈ [τ0, τ0 + δ) and λ ∈ (−Λ,Λ)

|ψ(λ, τ)| ≤ Ce−2τ0 ≡ e−3τ/2Ce−2τ0+3τ/2

≤ e−3τ/2Ce−2τ0+3(τ0+δ)/2 ≤ Ce−3τ/2e−τ0/4,
(5.27)

where we have used (5.26) in the last inequality. Putting together (5.23) and (5.27),
we obtain the result.

Lemma 5.1 shows that if φ0 satisfies (5.6) with constant M , and the initial data
is suitably selected, the solution φ satisfies the estimate in (5.6), still with same
constant M , in the region where ξ−x1 = O(e−τ/2) for τ ∈ [τ0, τ1]. We now extend
(5.16) up to regions where ξ ≥ τ2/2e−τ . To this end we prove
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Lemma 5.2. Let φ as in the statement of Lemma 5.1. Then, for all τ ∈ [τ0, τ1]
and for all ξ such that τ2

2 e
−τ ≤ ξ ≤M ,

|φ(ξ, τ) − φ(ξ)− e−τφ1(ξ)| ≤ εe−τ ,(5.28)

where ε = ε(τ0)−→ 0 as τ0−→∞.

Proof. We shall proceed by means of a comparison argument. Let us consider the
case where ξ ∈ (0, x1), the case where ξ ∈ (x1,M) being similar. To this end we
define a function H as follows

φ(ξ, τ) − φ(ξ)− e−τφ1(ξ) = H(ξ, τ).(5.29)

Then H satisfies

Hτ = e−τHξξ + (2φ− 1)Hξ + (2φ− 1)H + 2(H2 +HHξ)

+ e−τ{Hξ − 2H + 2φ1(H +Hξ)}+ e−2τ (φ1ξξ + φ1ξ − 2φ1)

+ e−2τ+ξ(2φ+ 2e−τφ1 + 3H +Hξ)

(5.30)

for τ ∈ [τ0, τ1] and for ξ ∈ R. We shall consider this equation on an interval
(2Me−τ , x1 −Re−τ/2). Observe that, by (5.6),

|H(2Me−τ , τ)| ≤Me−τ for all τ ∈ [τ0, τ1].(5.31)

Using Lemma 5.1, we see that for every R > 0 there exists ε > 0 such that

|H(x1 −Re−τ/2, τ)| ≤ εe−3τ/2 for all τ ∈ [τ0, τ1],
and ε−→∞ as τ0−→∞.

(5.32)

The function H is then a solution of (5.30) on (2Me−τ , x1−Re−τ/2) with bound-
ary conditions (5.31), (5.32). We now produce sub- and supersolutions of the bound-
ary value problem (5.30)− (5.32) on the interval (0, x1 −Re−τ/2). To this end, we
first exhibit sub- and supersolutions H and H of the reduced problem

L(H) ≡ Hτ − e−τHξξ − (2φ− 1)Hξ − (2φ− 1)H = 0,(5.33)

with boundary conditions (5.32). Then, in a second step, we check that for the aux-
iliary function thus derived, the terms of the equation (5.30) which are not retained
in (5.33) are of lower order when τ0 � 1 and then H and H are respectivelly sub-
and supersolutions of (5.30) if τ0 is large enough. We just describe the construction
of the positive supersolution, since the negative subsolution is similarly arrived at.

By our choice of φ, we are thus led to consider the equation

Hτ = e−τHξξ + (2e−ξ − 1)Hξ + (2e−ξ − 1)H,(5.34)

on the interval (2Me−τ , x1 −Re−τ/2) with boundary conditions

|H(2Me−τ , τ)| ≤Me−τ , |H(x1 −Re−τ/2, τ)| ≤ εe−3τ/2.

The supersolution is obtained by setting

H(ξ, τ) = H1(ξ, τ) +H2(ξ, τ),

where H1(ξ, τ) = 2εe−τ (2e−ξ − 1) + f1(ξ, τ), f1(ξ, τ) = e−3τ/2g(ξ), g is a solution
of

−3
2
g − (2e−ξ − 1)(g′ + g) = 3, g ∼ −2 as ξ−→x−1 ,
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and

H2(ξ, τ) = 2Me
1
4 Me−τe−

1
8 ξeτ

h(ξ),

h being a nonnegative cut-off function with support in the interval (0, 1/10), equal
to 1 on (0, 1/20), and such that 0 ≤ h ≤ 1 everywhere. In order to check that
such a function is actually a supersolution of equation (5.34), a simple computation
shows that

L(H) = L(H1) + L(H2)

= e−3τ/2{−3
2
g − (2e−ξ − 1)(g + g′)− 4εe−ξe−τ/2 − e−τ ||g′′||∞}

+Me
1
4 Me−

1
8 ξeτ {δh(ξ)eτ + (

3
2
− 2e−ξ)h′(ξ) + 2e−τh′′(ξ)},

where δ is a positive constant depending only on the choice of h. On the other
hand, it is easily seen that

g(ξ) = −3
2
e−ξ(2− eξ)2

∫ ξ

0

e−2η

(2− eη)3
dη,

whence

e−τ |g′′(ξ)| ≤ Ce−τ log(x1 − ξ) ≤ Cτe−τ , for all ξ ∈ (0, x1 −Re−τ/2),

for some positive constant C. Therefore, if τ0 is sufficiently large,

L(H) ≥ 3
2
e−3τ/2 − 2Me

1
4 Me−

1
80 eτ ≥ 2e−3τ/2.

Moreover, H2 is nonnegative, and concerning H1, for every ξ ∈ (0, x1−Re−τ/2) we
have

H1(ξ, τ) = 2εe−τ(2e−ξ − 1) + e−3τ/2g(ξ) ≥ e−3τ/2(R − ||g||∞),

which is positive if R is sufficiently large. Then, for R � 1, H is nonnegative. As
to the boundary values of H, we have

H(2Me−τ , τ) ≥ 2Me−τ ,

H(x1 −Re−τ/2) ≥ Rεe−3τ/2 − 2e−3τ/2 = e−3τ/2(εR− 2).

The function H is then a supersolution of (5.34) on (2Me−τ , x1 − Re−τ/2) for R
large enough, and satisfies the boundary conditions (5.31)− (5.32).

We now claim that H is a supersolution of the whole equation (5.30). Indeed,
all the terms neglected in (5.30) to obtain (5.34) are O(e−2τ ) when evaluated for
the function H . Therefore, if τ0 is sufficiently large,

L(H) ≥ 2e−3τ/2

on the interval (2Me−τ , x1−Re−τ/2). This concludes the proof of Lemma 5.2.

We next show

Lemma 5.3. Let φ be as in Lemma 5.2. Then, if τ0 is sufficiently large,

|φ(ξ, τ)| ≤ εe−τ for all ξ < −τ
2

2
e−τ and τ ∈ [τ0, τ1],(5.35)

where ε = ε(τ0)−→ 0 as τ0−→∞.
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Proof. The proof will also proceed by means of a comparison argument. We consider
again the function H defined by (5.29), namely φ(ξ, τ)−φ(ξ)−e−τφ1(ξ) = H(ξ, τ),
which satisfies equation (5.30) on the region ξ ≤ −2Me−τ , τ ∈ [τ0, τ1]. As in the
proof of Lemma 5.2, it is easily checked that the following function is a supersolution

H = (1− e−τ )−βe
−a (ξ−τ)2

(1−e−τ ) + e
ξ
2 eτ

h(ξ),(5.36)

where a and β are such that 4a < 1 and 2a > β, and where h is a nonnegative cut-
off function with support on (−1/8, 0), equal to one on (−1/16, 0) and satisfying
0 ≤ h ≤ 1 everywhere. If we again define

L(H) ≡ Hτ − e−τHξξ +Hξ +H,

a routine calculation then gives

L(H) = (1− e−τ )−β−1e−τe
−a (ξ−τ)2

(1−e−τ )

(
2a− β + (a− 4a2)

(ξ − τ)2

1− e−τ

)
+

1
2
e

ξ
2 eτ

(
eτ

2
(
1
2

+ ξ)h(ξ) + h(ξ)− e−τh′′(ξ)
)
.

It is then clear that for large τ0, L(H) ≥ 0 for ξ ≤ −2Me−τ and τ ∈ [τ0, τ1]. The
same argument as in the previous lemma shows that in fact H is a supersolution
of the complete equation (5.30). Moreover,

H(−2Me−τ , τ) ≥ e−M .

Now we want to apply the comparison principle to the functions H and H . The
only difficulty is that we have to do it in the unbounded domain

Q = {(ξ, τ); τ ∈ [τ0, τ1], ξ ∈ (−∞,−2Me−τ)}.
Let us then consider the sequence of functions Hn defined as the unique solutions
of equation (5.30) for τ ∈ [τ0, τ1], ξ ∈ (−n, 0) with initial data H(ξ, 0) and with
boundary conditions

Hn(−n, τ) = 0, Hn(0, τ) ≡ H(0, τ).

Using the uniqueness result in Theorem 2, as well as the supersolutions constructed
in Section 3, it is straightforward to check that Hn−→H pointwise as n−→∞. On
the other hand, by the maximum principle, Hn ≤ H on the set

Qn = {(ξ, τ); τ ∈ [τ0, τ1], ξ ∈ (−n,−2Me−τ)}.
Passing to the limit as n−→∞, we deduce that H ≤ H for τ ∈ [τ0, τ1] and ξ ≤
−2Me−τ . A similar construction gives a subsolution and the symmetric bound
from below, whereupon Lemma 5.3 follows.

We also have

Lemma 5.4. For all ξ > M and all τ ∈ [τ0, τ1],

φ(ξ, τ) ≤
{
Me−ξ if ξ ≤ τ −M,

Me2τ−3ξ if ξ ≥ τ −M.
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Proof. When the inverse of the change of variable defined in (4.4) is performed, we
obtain the function

xf0(x) = φ(log x).

By our choice of the initial data φ0, we have, for some of the supersolutions fα of
(1.1a) defined in (3.5), f0(x) ≤ fα(x). Then, the corresponding solution f(x, t) of
(1.1a) with initial data f0(x) satisfies

f(x, t) ≤ fα(x)

for all t > 0 and all x ∈ (0,∞). Therefore a solution φ of (4.5) with initial data at
τ = τ0 equal to φ0 exists for all τ ≥ τ0 and is bounded from above by the function

φα(ξ, τ) = eξe−2τfα(e−τeξ) ≤
{
βe−ξ if ξ ≤ τ,

βe2τ−3ξ if ξ ≥ τ.

Lemma 5.4 then follows by taking M > β.

5.3. The region near the smoothed shocks. In the previous subsection we
obtained an estimate of φ in the regions |ξ| > τ2e−τ/2, ξ > x1 and ξ < −τ2e−τ/2.
We shall now bound φ in the region |ξ| ≤ τ2e−τ/2. For that purpose we consider
the auxiliary function

Ψ(z, σ) = φ(ξ, τ), z = (ξ − λ(τ))eτ , σ = eτ .(5.37)

Observe that estimating Ψ in the region where |z| ≤ τ2 will provide, just by chang-
ing variables, an estimate on φ in the region |ξ−λ(τ)| ≤ τ2e−τ . Since by assumption
φ ∈ A(M ; τ0, τ1), we may suppose that |λ(τ)| ≤ Me−τ . Therefore we will have a
suitable bound on φ in the region |ξ| ≤ (τ2 −M)e−τ , and thus in particular in the
region |ξ| ≤ τ2e−τ/2 as required.

In order to obtain the desired bounds, the following technical construction will
be used. Let τ be any fixed value in the interval (τ0, τ1), and let us define the new
variables

η = (ξ − λ(τ ))eτ and Φ(η, τ) = φ(ξ, τ),(5.38)

for τ such that τ < τ < τ1. The function Φ satisfies the equation

e−τΦτ = Φηη + (2Φ− 1)φη + e−τ ((2Φ− 1)Φ− ηΦη + Φη)

+ 2e−2τΦ + e−3τeλ(τ)+ηe−τ

(3Φ + eτΦη)
(5.39)

for ξ ∈ R, τ ≥ τ0. We want to estimate Φ in this new variable, in a region around
the smoothed discontinuity point ξ0 = 0. To this end, equation (5.39) is to be
complemented with suitable boundary conditions. First of all, by our previous
choice of φ we have

φ1(ξ) =

{
2e−ξ + C0(1− 2e−ξ) if ξ > 0,
C2 if ξ < 0,

for some constants C0 and C2. We have just seen that for |ξ| ≥ τ2e−τ/2 and
τ ∈ (τ0, τ1) we have

|φ(ξ, τ) − φ(ξ)− e−τφ1(ξ)| ≤ εe−τ ,
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where ε = ε(τ0) is given in Lemma 5.2. Therefore, for every τ ∈ (τ0, τ1)

|φ(ξ, τ) − φ(ξ)− e−τφ1(ξ)| ≤ εe−τ + |φ1(ξ)|e−τ |1− eτ−τ |
≤ εe−τ + ||φ1||∞e−τ |1− eτ−τ |.

Hence,

|φ(ξ, τ) − φ(ξ)− e−τφ1(ξ)| ≤ 2εe−τ ,

for τ ∈ (τ0, τ1) and τ ∈ (τ , τ1) such that

||φ1||∞|eτ−τ − 1| ≤ ε.(5.40)

On the other hand, since we assume that φ ∈ A(M ; τ0, τ1), we have by (5.1) that
|λ(τ )| ≤Me−τ . Therefore, for τ > τ satisfying

eτ−τ ≤ M

2
τ2(5.41)

we certainly have that if |η| ≥ τ2 then |ξ| ≥ τ2e−τ/2. Since

φ(ξ) = 1− ξ +O(ξ2) = 1− (λ(τ ) + ηe−τ ) +O(ξ2)

for ξ ≥ τ2e−τ/2, then

φ(ξ) = 1− (λ(τ ) + ηe−τ ) +O(τ4e−2τ ),

whereas φ(ξ) = 0 if ξ ≤ −τ2e−τ/2. On the other hand, φ1(ξ) = C1 + O(τ2e−τ )
when ξ ≥ τ2e−τ/2, and φ(ξ) = C if ξ ≤ −τ2e−τ/2. Therefore, for any τ > τ such
that (5.40) and (5.41) hold, Φ satisfies

|Φ(η, τ) − 1 + (λ(τ ) + ηe−τ )− C1e
−τ | ≤ εe−τ for η ≥ τ2,(5.42a)

|Φ(η, τ)− C2e
−τ | ≤ εe−τ for η ≤ −τ2.(5.42b)

In the interior region where η ∈ (−τ2, τ2), so far we have only an estimate arising
from the fact that function φ belongs to A(M ; τ0, τ1), namely 0 ≤ Φ(η, τ) ≤ M .
However, we can easily obtain estimates on the spatial derivative Φη in the following
way. Set

Φ(η, τ) = ψ(η, eτ ),(5.43 a)

and write σ = eτ , σ0 = eτ0 and σ1 = eτ1 . Then ψ satisfies

ψσ = ψηη + (2ψ − 1)ψη + e−τ ((2ψ − 1)ψ − ηψη + ψη)

+ 2e−2τψ + e−3τeλ(τ)+ηe−τ

(3ψ + eτψη).
(5.43 b)

Moreover, 0 ≤ ψ ≤ M on the interval [−τ2, τ2]. Therefore, by classical parabolic
regularity we deduce that for every ρ > 1 there exists Cρ > 0 such that |ψη| ≤ CM
on (−τ2, τ2) whenever σ1 > σ > ρσ0. We can then rewrite equation (5.43b) in the
following way

ψσ = ψηη + (2ψ − 1)ψη − σ−1ηψη +O(
CM

σ
).(5.44)

On the other hand, conditions (5.40) and (5.41) now give

||φ1||∞|s− s| ≤ εs,
s

s
≤ M

2
log2 s.(5.45)
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We then deduce from (5.42) that, for every s and s in (σ0, σ1) such that s >
s satisfying (5.45), and for all σ ∈ (s, s), the function ψ satisfies the following
boundary conditions

|ψ(η, σ) − 1 + (s(log s) +
η

s
)− C1

s
| ≤ 2

ε

s
for η = log2 s,(5.46)

|ψ(η, s)− C2

s
| ≤ 2

ε

s
for η = − log2 s.(5.47)

Returning to the function Ψ(z, σ) in (5.37), we have that, for all ξ ∈ R and τ , τ
as before,

|Ψ(z, σ)− ψ(η, σ)| = |φ((ξ − λ(τ))eτ , σ)− φ((ξ − λ(τ ))eτ , σ)|
≤ C(M)|λ(τ) − λ(τ )|eτ ≤ C(M)(τ − τ ).

(5.48a)

Therefore, if

τ − τ ≤ ε

10C(M)
,(5.48 b)

we deduce that

|Ψ(z, σ)− ψ(η, σ)| ≤ ε

10
.(5.48 c)

In order to proceed further with our comparison arguments, we need an estimate
on ψ(η, σ) at η = 0 (which is just the function φ near the point λ(τ )). By definition,
we know that for each τ ∈ [τ0, τ1] there is a single point, namely ξ = λ(τ), where
φ(λ(τ), τ) = 1/2 and φξ(λ(τ), τ) > 0. In the η variable we then have that Φ(η, τ) =
1/2 at η = Λ(τ), where Λ(τ) = (λ(τ) − λ(τ ))eτ . This value is unique, and Λ(τ ) =
0. Moreover, by hypothesis (see condition (5.5) of the definition of A(M ; τ0, τ1)),
|dλ/dτ | ≤Me−τ for every τ ∈ (τ0, τ1). Therefore, using the fact that

dΛ
dτ

=
dλ

dτ
eτ + eτ (λ(τ) − λ(τ )),

we see that

|dΛ
dσ
| ≡ |dΛ

dτ
· dτ
dσ
| ≤ (M +M |1− eτ−τ |)σ−1 ≤ (1 +

ε

||φ1||∞ )
M

σ
.

By the mean value theorem we deduce at once that

|Λ(σ)| ≤ (1 +
ε

||φ1||∞ )
M |σ − s|

s
for all σ ≥ s

and

|ψ(0, σ)− 1
2
| ≤ (1 +

ε

||φ1||∞ )
C(M)M |σ − s|

s
.

Therefore, if s, s satisfy (5.45), and
|s− s| < CMεs,

CM = min(
||φ1||∞

(||φ1||∞ + ε)10C(M)
,

1
||φ1||∞ ),

(5.49)

we have

|ψ(0, σ)− 1
2
| ≤ ε for all σ ∈ (s, s).(5.50)

We now proceed to improve the estimates on Ψ in the region |z| ≤ log2 s. We
begin with the following lemma.
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Lemma 5.5. Let Ψ be the function defined above. Then for every s ∈ (σ0, σ1) such
that s ≥ σ0 + 2 log2 σ0,

Ψ(z, s) ≤ 1 + ε for any z ∈ (0, log2 s),

and

Ψ(z, s) ≥ −1− ε for any z ∈ (− log2 s, 0).

Proof. Let us fix an arbitrary s satisfying the hypothesis of the lemma and define
s ≥ σ0 as follows

s+ 2 log2 s = s.

A routine calculation shows that s and s satisfy conditions (5.45) and (5.49) if σ0

is sufficiently large. We are going to produce a supersolution of (5.44), (5.46) and
(5.50) on the interval (0, log2 s). A similar construction gives a subsolution of (5.44),
(5.47) and (5.50) on (− log2 s, 0), and these two auxiliary functions will provide
the estimate in the lemma. We look for a supersolution of the form ψ(η, σ) =
KMσ2/s+ g(η, σ), for σ ∈ [s, s], where KM is a positive constant satisfying

KM = O(CM
log2 s

σ
) for all σ ∈ [s, s].

Observe that KM can be selected arbitrarily small by taking σ0 (or equivalently
τ0) large enough. The function g has to satisfy

gσ ≥ gηη + (2KM
σ2

s
+ 2g − 1)gη.

Since 2KMσ2/s > 0, it is enough for g to be such that gη < 0 and

gσ = gηη + (2g − 1)gη.

Let us define g(η, σ) = ϕ(η − σ − γ, σ), where γ is a sufficiently large positive
constant, to be fixed later, and η − σ = r. Then ϕ is required to satisfy Burgers
equation

ϕσ = ϕrr + 2ϕϕr.

As it is well known, this can be solved explicitly by means of the Cole-Hopf trans-
formation ϕ = Wr

W , where W now solves the heat equation Wσ −Wrr = 0. In order
to obtain our supersolution, let us take as initial value for ϕ the function

ϕ0(r) =

{
M if r < 0,

1 + ε′ if r > 0,

with M > M and ε′ = ε/3. The initial value for W is then

W0(r) =

{
eMr if r < 0,

e(1+ε′)r if r > 0.

The function W (r, σ) is given explicitly by the formula

W (r, σ) = (4πσ)−
1
2

∫
R

e−
|r−z|2

4σ W0(z)dz.

In order to make explicit the behaviour of the function ϕ in the region where
r + σ ∈ (0, log2 s), we perform the following change of variables

W (r, σ) = e(1+ε′)rG(r, σ),
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where G solves

Gσ = Grr + 2(1 + ε′)Gr + (1 + ε′)2G.

Therefore we can write G as

G(r, σ) = e(1+ε′)2σH(r + 2(1 + ε′)σ, σ),

with

H0(z) =

{
e(M−(1+ε′))z if z < 0,

1 if z > 0.

Hence

W (r, σ) = e(1+ε′)2se(1+ε′)rH(r + 2(1 + ε′)σ, σ),

and

ϕ ≡ Wr

W
= (1 + ε′) +

Hz(r + 2(1 + ε′)σ, σ)
H(r + 2(1 + ε′)σ, σ)

.

Observe that ϕ is a monotone increasing diffusive wave which propagates with speed
−2(1 + ε′) and connects the value M at −∞ to the value 1 + ε′ at +∞.

The function g is then given by

g(η, σ) = ϕ(η − σ − γ, σ) = (1 + ε′) +
Hz(η + 2(1 + ε′)σ − σ − γ, σ)
H(η + 2(1 + ε′)σ − σ − γ, σ)

,

and g is thus a diffusive travelling wave with speed −1−2ε. We now choose γ large
enough so as to have

g(η, s) > M for η ∈ (0, log2 s).

By construction g ≥ (1 + ε′), whereas by (5.47)− (5.50)

ψ(0, σ) ≤ 1 + ε′, ψ(log2 s, σ) ≤ 1 + ε′.

We then deduce by comparison that

ψ(η, σ) ≥ ψ(η, σ),

for η ∈ (0, log2 s) and for σ ∈ (s, s]. We can then select the constant γ so that

ψ(η, σ) ≤ (1 + 2ε′) on (0, log2 s) for all σ ≥ s+
log2 s

1 + 2ε′
.

Finally, we observe that if τ0 is large enough,

2 log2 s >
log2 s

1 + 2ε
≡ log2 s

1 + 2ε/3
,

and thus

ψ(η, s) ≤ (1 +
2ε
3

) on (0, log2 s).

Lemma 5.4 follows now by using (5.48).

We now give a lower bound on the function Ψ
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Lemma 5.6. Let Ψ be the function defined in (5.37). Then, for all s > σ0 +
1

πε2 log4 σ0 ,

Ψ(z, s) ≥ 1
2
− 2ε for all η ∈ (0, log2 s)

and

Ψ(z, s) ≤ −1
2

+ 2ε for all η ∈ (− log2 s, 0).

Proof. For every s satisfying the hypothesis of the lemma let s ∈ [σ0, s] be defined
by

s+
1
πε2

log4 s = s.

As before, if τ0 is sufficiently large, s and s satisfy (5.46) and (5.49). Therefore we
have the estimates

ψ(0, σ) ≥ 1
2
− ε,

ψ(τ2, σ) ≥ 1− ε,

for all σ ∈ [s, s]. We now construct in detail a subsolution of (5.44) on (0, log2 s); a
similar construction gives a supersolution on (− log2(s), 0). We look for a function
of the form

ψ(η, σ) = −KM log
σ

s
+ h(η, σ)

for σ ∈ [s, s], where KM is a positive constant such that

KM = O(CM ).

To this end we now need h to satisfy

hσ ≤ hηη + (2h− 1− 2KM log
σ

s
− σ−1η)hη.

By selecting h monotone increasing, we will have

KM log(
σ

s
)hη > 0.

Moreover, if τ0 is large enough, s and s satisfy

|2KM log
σ

s
|+ |σ−1 log2 s| < ε/4,(5.51)

and it will be enough for h to be such that

hσ ≤ hηη + (2h− (1 + ε))hη.

Let h be the solution of 
hσ = hηη for η ≥ 0, σ ≥ s,

h(0, σ) =
1
2
− ε for σ ≥ s,

h(η, s) = 0 for η ≥ 0.

This function is explicitly given by

h(η, σ) = (
1
2
− ε)(1− 2√

π

∫ η
2
√

σ−s

0

e−ξ2dξ).
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It is readily seen that for every σ ≥ s, h(·, σ) is a monotone decreasing function of
η. This implies that h ≤ 1/2− ε for all η ≥ 0, and therefore

hσ ≤ hηη + (2h− (1 + ε))hη

on (0, τ2). This shows that

ψ(η, σ) ≥ h(η, σ) −KM log
σ

s

for η ∈ (0, τ2) and σ ∈ [s, s]. On the other hand, a direct computation shows that
if

τ4 ≤ ε2π

(1− 2ε)2
(σ − s),

then

h(η, σ) ≥ (
1
2
− ε)(1 − 2ε

(1− 2ε)
) =

1
2
− 3ε

2
.

Observe now that if τ0 is sufficiently large, then

πε2

(1− 2ε)2
(s− s) =

τ4

(1 − 2ε)2
≥ τ4

and therefore

h(η, s) ≥ 1
2
− 3ε

2
.

Using (5.51), we obtain

ψ(η, s) ≥ h(η, s)−KM log
s

s
≥ 1

2
− 7ε

4
for all η ∈ (0, τ2).

And finally the lemma follows by using (5.48c).

We improve this lower estimate in the next result.

Lemma 5.7. Let Ψ be as in the previous lemma. Then there is a positive constant
R ≡ R(ε) such that

Ψ(z, s) ≥ 1− 2ε for any z ∈ (R, log2 s)

and

Ψ(z, s) ≤ −1 + 2ε for any z ∈ (− log2 s,−R),

for every s ∈ (σ0, σ1) satisfying

s ≥ σ0 +
2
πε2

log4 σ0 +
2 log2 σ0

1 + 8ε
.

Proof. Fix any s satisfying the hypothesis in the lemma, and let s > 2
πε2 log4 σ0

be such that

s+
2 log2 s

1 + 8ε
= s.

As in the proof of our previous result, if τ0 is sufficiently large, s and s satisfy
conditions (5.46) and (5.49). By (5.42) and (5.50) the function ψ then satisfies the
following boundary conditions on (0, τ2)

ψ(0, σ) ≥ 1
2
− ε
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and

ψ(τ2, σ) ≥ 1− ε

for all σ ∈ [s, s]. On the other hand, by Lemma 5.5 we have

ψ(η, σ) ≥ 1
2
− 2ε for σ ∈ [s, s] η ∈ (0, τ2).

We now construct a subsolution of (5.44) on (0, log2 s). A similar construction gives
a supersolution on (− log2(s), 0). As before, we shall look for a function of the form

ψ(η, σ) = −KM log
σ

s
+ h(η, σ)

with KM a positive constant such that −KM = O(CM ). As before we need h to
satisfy

hσ ≤ hηη + (2h− 1− 2KM log
σ

s
− σ−1η)hη.

By selecting h monotone increasing we will have

KM log(
σ

s
)hη > 0.

Moreover, if τ0 is large enough, then s and s obviously satisfy (5.51), and it will be
enough for h to satisfy

hσ = hηη + (2h− (1 + ε))hη.(5.52)

We shall look for travelling wave solutions h(η, σ) = G(η− c(σ− s)−γ) with c < 0,
γ large enough, and G such that

−cG′ = G′′ + (2G− (1 + ε))G′.(5.53)

The general solution of (5.53) can be written as

G(η) =
αθ + βe(β−α)η

θ + e(β−α)η
,(5.54)

where θ is an arbitrary constant and α and β are such that α+ β = 1 + ε− c. We
first require that

β = 1− ε and α =
1
2
− 4ε.(5.55)

Then, necessarily,

c = −1
2
− 4ε.(5.56)

With this choice of parameters, the solution G satisfies

lim
η−→+∞G(η) = 1− ε, lim

η−→−∞G(η) =
1
2
− 4ε.

We now fix the constant θ by requiring that G(0) = 1
2 − 2ε, i.e. θ = 1−ε

2ε . Routine
calculations give G(η0) = 1/2− 3ε, with

η0 =
2

1 + 6ε
log

1− ε

1 + 4ε
.

We then define

h(η, σ) = G(η − γ − c(σ − s))(5.57)
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with γ = −η0 + τ2. By construction, h satisfies (5.52), hη ≥ 0 and h(η, σ) ≤ 1− ε.
Moreover, at σ = s

h(η, s) = G(η − γ) ≤ 1
2
− 3ε ≤ 1

2
− 2ε < ψ(η, s) for all η ∈ (0, τ2)

(by our choice of η0). On the other hand, if σ ≥ s is such that

−c(σ − s) ≤ γ,(5.58)

then at η = 0 we have

h(0, σ) = G(−γ − c(σ − s) ≤ 1
2
− 2ε.

Therefore, we deduce by comparison that ψ(η, σ) ≥ h(η, σ)− ε/4 for all η in (0, τ2)
and all σ ∈ [s, s] satisfying (5.58). Since τ < τ , we have −c(s− s) ≤ γ, and then

ψ(η, s) ≥ ψ(η, s) ≥ h(η, s)− ε

4
for η ∈ (0, τ2).

Finally, observe that if, say, η ≥ −2 log ε, then

G(η) ≥ 1− 3ε
2
.

Therefore, we have

ψ(η, s) ≥ h(η, s)− ε

4
= G(η + η0 − τ2 + τ2)− ε

4
≥ 1− 7ε/4,

provided that

η ≥ −2 log ε− η0 + τ2 − τ2.

Observe finally that if τ0 is sufficiently large, τ2 − τ2 ≤ 1. This follows from
(τ − τ ) ≤ e−

τ
2 , or, in terms of the variable s,

s

s
= 1 +

log2 s

s
≤ e

1√
s = 1 +

1√
s

+ · · · ,

which certainly holds for s sufficiently large. Using (5.48c), the lemma follows with
R(ε) given by

R(ε) = −2 log ε− 2
1 + 6ε

log
1− ε

1 + 4ε
+ 1.(5.59)

We next improve the estimate for Ψ on the interval (−R(ε), R(ε)). In order to
state our next result, consider the travelling wave solutions of the equation

Zs = Zηη + (2Z − γ)Zη(5.60)

where γ is a free parameter. These are of the form Z(η, s) = H(η − c(s − s)) for
some constant c, where H satisfies the equation

H(η) ≡ H1−β2,η0,β1 =
β2 + β1e

(β1−β2)(η−η0)

1 + e(β1−β2)(η−η0)
,(5.61)

β1 + β2 = γ − c, β1β2 = c,(5.62)

and η0 is an arbitrary integration constant. Observe that if β1 ≥ β2 then

lim
η−→∞H(η) = β1, lim

η−→−∞H(η) = β2.
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Notice also that for every constant c ∈ (0, γ/2) we can choose β1 = γ − c, β2 = 0
and η0 = (log(γ − 2c))/(γ − c) so that H(0) = 1/2. When γ = 1 this solution will
be denoted by Hc. We can now state the following lemma.

Lemma 5.8. Let Ψ be the function given in (5.37) and R = R(ε) be the constant
given by Lemma 5.6. Then there is a σ = σ(ε) such that, for every s ∈ [σ0, σ1]
satisfying

s ≥ σ0 +
2
πε2

log4 σ0 + log2 σ0 + σ(ε),(5.63)

we have

|Ψ(z, σ)−H0(z)| ≤ 12ε for all z ∈ (−R,R),(5.64)

where H0 is the unique solution of (5.61), with c = 0, γ = 1 such that H0(0) = 1/2.

Proof. The proof is based again on a comparison argument in a time interval [s, s],
where s is any fixed time of (σ0, σ1) satisfying (5.63). The conditions on s will be
imposed as we proceed with the proof. We begin by taking s such that

s ∈ (σ0 +
2
πε2

log4 σ0 + log2 σ0, s)

and such that conditions (5.46) and (5.49) are fulfilled. We then consider the
following auxiliary function ψ on the region η ∈ (0, R), σ ∈ [s, s]

ψ(η, σ) = KM log(
σ

s
) + g(η, σ)

where KM is a constant such that KM = O(CM ). As before, if τ0 is picked suffi-
ciently large we have

|KM log
σ

s
| ≤ ε

4
,

and therefore, in order for ψ to be a supersolution, we only need g to satisfy

gσ = gηη + (2g − (1− ε))gη, on (0, R),(5.65 a)

gη ≥ 0, on (0, R).(5.65 b)

Moreover, we also need the following boundary and initial conditions to hold

ψ(η, s) ≤ g(η, s) for η ∈ (0, R),(5.66)

ψ(0, σ) ≤ g(0, σ), ψ(R, s) < g(R, s).

By the choice of s and s, (5.48), and Lemma 5.4, we have

ψ(R, σ) ≤ 1 + ε, ψ(0, σ) ≤ 1
2

+ ε

for every σ ∈ [s, s]. Therefore, we are interested in solutions of (5.65) such that

g(R, σ) = 1 + ε, g(0, σ) =
1
2

+ ε.(5.67)

Given any initial data g(η, s), problem (5.65a), (5.67) obviously has a unique classi-
cal global solution on (0, R). Moreover, if g(η, σ) is monotone increasing on (0, R),
then the solution g(·, σ) is monotone increasing on (0, R) for all times by the max-
imum principle. By the estimates obtained on ψ and ψη when σ is in (σ0, σ1) it
is possible to construct a monotone increasing function g satisfying g(0) = ε+ 1/2
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and g(R) = 1+ε, and such that for all σ in (σ0, σ1) one has ψ(η, σ) ≤ g on (0,+∞).
We take that function as initial value, i.e. we set

g(η, s) = g(η).

We are interested in the behaviour of that solution as σ increases. This can be
easily described, since we have a Lyapunov functional which is strictly decaying
along the trajectories of the solutions. Indeed, let H+ be the stationary solution of
(5.61) with γ = 1− ε/2 and the boundary conditions (5.62)

H+(η) =
β2 + β1e

(β1−β2)(η+η0)

1 + e(β1−β2)(η−η0)
(5.68 a)

where β1, β2 and η0 are such that

β1 + β2 = 1− ε

2
, H+(0) =

1
2

+ ε, and H+(R) = 1 + ε.(5.68 b)

Since H+ is monotone increasing, we necesarily have β1 > 1 + ε, and thus β2 <
−3ε/2. It is easy to check that the values of β1 and η0 are related as follows

η0 =
1

2β1 − 1 + ε/2
log(

2β1 − 1 + 3ε
2β1 − 1− 2ε

) =
1

2β1 − 1 + ε/2
log(

2β1 + 3ε
β1 − 1− ε

) > 0.

Consider then the functional

J(σ) =
∫ R

0

(g(η, σ)−H+(η))+dη.

It follows from Kato’s inequality that J ′(s) < 0. Standard results on the asymptotic
behaviour of parabolic equations on bounded domains then give

lim
s−→∞ ||g(·, s)−H+(·)||∞ = 0.

In particular, there exists a σ(ε) such that if σ > s+ σ(ε) then

|g(η, s)−H+(η)| ≤ ε

4
for 0 < η < R.(5.69)

We next observe that, by (5.63), it is possible to have σ ∈ [s, s] satisfying σ ≥
s+σ(ε). Actually, it is enough to have s−s > σ(ε) or, equivalently, τ−τ ≥ 2σ(ε)e−τ .
Since σ(ε) only depends on ε, R, and the initial data g, but not on s nor s, this
holds if τ0 is sufficiently large. Similarly, one can construct a subsolution

ψ(η, σ) = −KM log(
σ

s
) + h(η, σ),

where h satisfies the following initial boundary value problem

hσ = hηη + (2h− (1 + ε))hη, on (0, R),

hη ≥ 0, on (0, R),

h(η, s) = h ≤ ψ(η, s),

h(0, σ) =
1
2
− ε, h(R, σ) = 1− ε.(5.70)

The function h is constructed in a similar way to g. It is monotone increasing in
(σ0, σ1), h(0) = −ε + 1/2, h(R) = 1 − ε, and is such that for all σ ∈ (σ0, σ1),
ψ(η, σ) ≥ h on the interval (0, R). By the same argument as before there is a
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positive time, which without any loss of generality we can choose equal to σ(ε),
such that if σ > σ(ε), then

|h(η, σ) −H−(η)| ≤ ε

4
for 0 < η < R,(5.71)

where H− is the stationary solution of (5.61) with γ = 1 + ε/2 and the boundary
conditions (5.70). In order to estimate the diference |ψ(η, σ)−H0(η)| we point out
that

ψ(η, σ) −H0(η) ≤ KM log
σ

s
+ g(η, σ)−H+(η) +H+(η) −H0

and

ψ(η, σ)−H0(η) ≥ −KM log
σ

s
+ h(η, σ)−H−(η) +H−(η)−H0.

By (5.56), if σ − s ≥ σ(ε), then

|g(η, σ)−H+(η)| ≤ ε

4

and therefore

|KM log
σ

s
+ g(η, σ)−H+(η)| ≤ ε

2
.

On the other hand, under the same conditions

| −KM log
σ

s
+ h(η, σ)−H−(η)| ≤ ε

2
.

Hence

|ψ(η, σ)−H0(η)| ≤ ε

2
+ max(|H0(η)−H+(η)|, |H0(η)−H−(η)|)

Now let us estimate the difference |H±(η)−H0(η)|. By definition, H0(η) = 1
1+e−η .

Recalling our choice of H+ in (5.68a), it is easy to check that the values of β1 and
η0 are such that β1 > 1 + ε, β2 < −3ε/2 and

1 + ε =
(1− β1 − ε/2) + β1e

(β1−β2)(R+η0)

1 + e(β1−β2)(R+η0)
≥ (1− β1 − ε/2) + β1e

(β1−β2)R

1 + e(β1−β2)R
,

whence

eR(1 + ε) + 3ε/2
eR − 1

≥ β1 > 1 + ε,

and

ε < β1 − 1 ≤ ε+
1 + 5ε/2
eR − 1

.

Using (5.59), it now turns out that

ε < β1 − 1 ≤ 5ε
2
, −3ε ≤ β2 ≤ 3ε

2
.
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We then have

H+(η)−H0(η) =
β1 + β2e

−(β1−β2)(η+η0)

1 + e−(β1−β2)(η+η0)
− 1

1 + e−η

=
(
β1 + β2e

−(β1−β2)(η+η0)

1 + e−(β1−β2)(η+η0)
− 1

1 + e−(β1−β2)(η+η0)

)
+

(
1

1 + e−(β1−β2)(η+η0)
− 1

1 + e−η

)
≤ (β1 − 1)− β2) + (e−η − e−(β1−β2)(η+η0)).

By the mean value theorem,

|e−η − e−(β1−β2)(η+η0)| = |(η − (β1 − β2)(η + η0))|e−(ρx+(1−ρ)(β1−β2)(η+η0)),

for some ρ ∈ (0, 1), and, since β1 − β2 > 0 and η0 > 0,

|e−η − e−(β1−β2)(η+η0)| ≤ (η(β1 − 1)− β2(η + η0))e−(ρη+(1−ρ)(η+η0))

≤ (sup
x>0

xe−x)(β1 − 1− β2) ≤ 11
2e
ε

Arguing in the same way with H−, we obtain, for every η ∈ (0, R),

|H±(η)−H0(η)| ≤ 11
e
ε,

and, taking advantage of (5.48), the lemma follows.

Lemma 5.8 allows us to linearize equation (5.43b) around a particular travelling
wave solution of the equation (5.60), but we need to be careful when choosing the
speed c of the travelling wave in order to be able to fulfill the appropriate boundary
conditions. To this end we shall make use of some auxiliary functions. Let W (η)
be the solution of

W ′′ + (2H0 − 1)W ′ + 2H ′
0 = −((2H0 − 1)H0 − ηH ′

0 +H ′
0)

≡ 1−ηe−η

(1+ηe−η)2 on R,

W (0) = 0, W (η) = o(1) as η−→−∞,

W (η) = η + C∞ as η−→+∞.

(5.72)

By using the variation of constants formula, it turns out that problem (5.72) has
a unique solution for a suitable value of the constant C∞. Let Q(η) be defined as
the solution of the problem{

Q′′ + (2H0 − 1)Q′ + 2H ′
0Q = −H ′

0 on R,

Q(0) = 0, Q(−∞) = 0.
(5.73)

The existence and uniqueness of such a solution is clear by linear ODE theory.
Indeed, the general solution of the equation can be written in the form

Q = Qp + C1φ1,1 + C2φ1,2,

where Qp is a particular solution and φ1,1, φ1,2 are two independent solutions of
the homogeneous equation defined in (4.44), namely,

φ1,1 =
1 + 2ηe−η − e−2η

(1 + e−η)2
, φ1,2 =

e−η

(1 + e−η)2
.
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Therefore every solution Q is determined by its values at 0 and −∞. This in turn
fixes the value

Γ1 = Q(+∞).(5.74)

Actually,

Q(η) =
e−η − 1− ηe−η

(1 + e−η)2

and Γ1 = −1. We now prove

Lemma 5.9. Let Hα+c,η0,α be the solution of{− cH ′ = H ′′ + (2H − 1)H ′ on R,

H(−∞) = α, H(+∞) = 1− c− α,
(5.75)

as given in (5.62), and define

4 = |α|2 + |c|2 + |η0|2.
Then

Hc(η) = H0 − cQ− η0φ1,2 − αφ1,1 +O(
e−η

1 + e−η
|41/2|(1 + |η|2)),(5.76)

in the region

(|α|+ |c|)|η|4 ≤ 1 and |η0| ≤ 1, 4 ∼ e−τ and |η| ∼ τ2.

Proof. The function Hc is given by

Hc(η) =
(1 − c− α) + αe(2α+c−1)(η−η0)

1 + e(2α+c−1)(η−η0)
.

Using Taylor’s expansion, we get

Hc(η) = H0 − cQ− η0φ1,2 − αφ1,1 − 2c
1 + ηe−η

(1 + e−η)2
+O(

e−η

1 + e−η
4(1 + |η|2))

= H0 − cQ− η0φ1,2 − αφ1,1 +O(
e−η

1 + e−η
41/2(1 + |η|2)).

The lemma follows.

As a next step, we establish

Lemma 5.10. There exist a positive constant C = C(M, ε), independent of s, such
that, for s ∈ (σ0, σ1) satisfying

s ≥ 2σ0 +
2
πε2

log4 σ0 + log2 σ0 + σ(ε)σ,

we have

|Ψ(z, s)−H0(z)− W (z)
s

− c(s)Q(z)−K(s)φ1,1(z)| ≤ C
log s
s

, if |z| ≤ log2 s,

(5.77)

where c(s) and K(s) are given in (5.79) below.
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Proof. Let us take s ∈ (σ0, σ1) and select s ≥ σ0 + 2
πε2 log4 σ0 +log2 σ0 +σ(ε) such

that

µ(log s− log s) =
log s
s

.

Clearly, if σ0 is sufficiently large, s and s satisfy the conditions (5.46) and (5.49).
On the other hand, simple calculus arguments show first that

lim
σ0 −→+∞

s− s

s
eµ(s−s) = 1,

and moreover that if σ0 is large enough there is a positive constant C such that
s− s

s
≤ C

log s
s

.

Observe that the first of these two properties implies that, for σ0 suficiently large,

s− s ≥ σ0

2
e−µ(s−s).

Then we will have s− s ≥ m for any positive constant m such that 2m ≤ σ0e
−µm.

In particular, we can assume s− s to be arbitrarily large if we take σ0 sufficiently
large. We then define

Z(η, σ) = ψ(η, σ) −H0(η)− W (η)
σ

− c(s)Q(η)−K(s)φ1,1(η),(5.78)

and proceed to select the constants c(s) and K(s). This can be done by looking at
the values of the right hand side in (5.76) at the points η = ± log2 s. Since s and s
satisfy (5.46) and (5.49) if σ0 is large enough, we have by (5.47)

|ψ(log2 s, σ)− (1 − λ(log s) +
C1

σ
) +

log2 s

σ
| ≤ 3ε

s
,

|ψ(log2 s, σ)− C2

s
| ≤ 3ε

s
,

for σ ∈ [s, s]. On the other hand, as we have seen,

|W (log2(s))− log2(s)− C∞|+ |H0(log2 s)− 1|s
+ |Q(log2(s)) + 1|s+ |φ1,1(log2(s))− 1|s = o(1) as s−→+∞,

|W (− log2(s))| + |H0(− log2 s)|s+ |Q(− log2(s))|s
+ |φ1,1(− log2(s)) + 1|s = o(1) as s−→+∞.

We now take c(s) and K(s) such that

K +
C2

s
= 0, c = λ(log s)− C1

s
+
C∞
s
−K.(5.79)

With this choice of c(s) and K(s) we have, for every σ ∈ [s, s],

|Z(± log2 s, σ)| ≤ 4ε
s
,(5.80a)

whereas by (5.49)

|Z(0, σ)| ≤ C ′(M)(σ − s)
s

+
1
4s
.(5.80 b)

On the other hand, we claim that if σ0 is sufficiently large, then

|Z(η, σ)| ≤ 15ε on (− log2 s, log2 s), for σ ∈ [s, s].(5.81)
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In order to prove (5.81), we remark that for every η ∈ (−R,R)

|Z(η, σ)| ≤ |ψ(η, σ) −H0(η)|+ |W (η)
σ

− c(s)Q(η) −K(s)φ1,1(η)|
≤ |ψ(η, σ) −Ψ(z, σ)|+ |Ψ(z, σ)−H0(z)|+ |H0(z)−H0(η)|

+ |W (η)
σ

− c(s)Q(η)−K(s)φ1,1(η)|.
We then conclude by using (5.48c), (5.76) and the behaviour of W , Q and Φ11 at
±∞.

For |η| ≥ R we write

|Z(η, σ)| ≤ |ψ(η, σ)−Hc(η)|+ |Hc(η) −H0 − cQ|+ |W (η)
s

|+ |K||φ11(η)|.

By our choice of s, Lemma 5.3 and Lemma 5.5 we have that, for every η ∈ (R, log2 s)
and η ∈ (− log2 s,−R),

ψ(η, σ) ∈ (1− 3ε
2
, 1 + ε)

and

Hc(η) ∈ (
1− c

(1 − 2c)e−(1−c)R + 1
, 1− c).

We then can choose σ0 and R so large that c(s) < ε/8 and
1− c

(1− 2c)e−(1−c)R + 1
≥ 1− ε

8
.

From this we deduce that

|ψ(η, s)−Hc(η)| ≤ 5
4
ε.

On the other hand, by Lemma 5.9

|Hc(η)−H0 − cQ| ≤ cK ≤ ε

4
,

for σ0 large enough. Finally,

|W (η)
σ

|+ |K||φ11(η)| ≤ 2
log2 s+ C∞

s
+ |K(s)|,

and (5.81) follows. Using this estimate, Z satisfies the following equation

e−τZτ = Zηη + (2H0 − 1)Zη + 2H0ηZ + 2ZZη + 2e−τWZη

+ 2WηZe
−τ + e−τ (4H0Z + 2Z2 − Z − ηZη + Zη) +O(e−3τ/2),

(5.82 a)

with initial and boundary conditions

|Z(η, s)| ≤ 15ε for any η ∈ (− log2 s,+ log2 s),(5.82 b)

|Z(± log2 s, σ)| ≤ 2ε
s

for σ ∈ (s, s) .(5.82 c)

Moreover, by (5.81) and classical parabolic estimates, we also obtain that, for some
positive constant C,

|Zη|+ |Zηη|+ |Zτ | ≤ Cε for η ∈ (− log2 s, log2 s) and σ ∈ (s, s).
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Then, since

2Wηe
−τ + 4e−τH0 + 2Ze−τ = O(e−5τ/6),

2e−τW − e−τη + e−τ = O(e−5τ/6),

equation (5.82a) can be rewritten as

e−τZτ =Zηη + (2H0 − 1)Zη + Z(2H0η +O(e−5τ/6))

+ Zη(2Z +O(e−5τ/6)) +O(e−3τ/2)(5.83)

In order to prove Lemma 5.10. we provide a supersolution of (5.83), (5.82b) (5.82c)
using two kinds of auxiliary functions. These are as follows

(1) A function Z1(η), solving{
Z1

′′ + (2H0 − 1)Z ′1 + 2H ′
0Z1 = −γ, on (0,+∞),

Z1(0) = 1, Z ′1(0) = 0.
(5.84 a)

where γ is a sufficiently large positive constant. It can be easily checked that

|Z1| ≤ C(1 + η) for 0 < η < +∞.

(2) A function Z2 defined as follows

Z ′′2 + (2H0 − 1 + 2Cε)Z ′2 + 2H ′
0Z2 = −µZ2 for 0 < η < log2 s,

Z2(0) = ε, Z2(log2 s) = 1.
(5.84 b)

where µ = (log s)−4.
It is easily seen that, when ε−→ 0 and µ = 0, Z2 approaches λ(s)Φ1,1, where

λ(s)−→ 1 as s−→+∞. Notice that Z ′2 > 0 on (0, log2 s). Define

Z(η, σ) = s−3/2Z1(η) + e−µ(σ−s)Z2(η).(5.85)

Clearly, Z satisfies

e−τZτ ≥ Zηη + (2H0 − 1− Z))Zη + 2H0,ηZ.

On the other hand, so long as 2
s ≤ e−µ(σ−s) holds, one has

Z(η, σ) ≤ Z(η, σ) for 0 < η < log2 s.(5.86)

Since Z(η, s) ≤ Z(η, s) for η ∈ (0, log2 s), it follows from maximum principle that

Z(η, s) ≥ Z(η, s) for 0 < η ≤ log2 s.(5.87)

Assume now in addition that (s − s)/s ≤ 2e−µ(s−s). In view of (5.85) and (5.87),
we now have

Z(η, s) ≤ C(M, ε)
log s
s

for 0 < η ≤ log2 s,

whereupon the result follows.

Next we prove
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Lemma 5.11. There is a positive constant A(ε) such that, for every s ∈ [σ0, σ1]
satisfying

s > 2σ0 +
2
πε2

log4 σ0 + log2 σ0 + σ(ε) + log σ0 +
8
σ0

log σ0(5.88)

and for all |z| ≤ log2 s, one has

|Ψ(z, s)−H0(z)− W (z)
s

− c(s)Q(z)−K(s)φ1,1(z)−W (0, s)φ1,1(z)| ≤ A(ε)
s

,

(5.89)

where c(s) and K(s) are given in (5.79).

Proof. We fix s satisfying (5.88) and select s so that

s > 2σ0 +
2
πε2

log4 σ0 + log2 σ0 + σ(ε)(5.90)

and

log s+
8
s

log s = log s.(5.91)

If σ0 is suficiently large, (5.46) and (5.49) hold. We then consider the function
Z(η, σ) obtained in the proof of the previous lemma. By (5.77) and (5.83), Z
satisfies

Zσ = Zηη + (2H0 − 1)Zη + 2H ′
0Z +O(

1
s3/2

)(5.92)

for σ ∈ [s, s] and |z| ≤ R′(ε, s). Let us define

Z = s−3/2Z + ζ,

where Z is a solution of

Zσ = Zηη + (2H0 − 1)Zη + 2H ′
0Z +O(1), Z(η, s) = 0,

and 
ζσ = ζηη + (2H0 − 1)ζη + 2H ′

0ζ +O(1),
ζ(η, σ) = Z(η, σ), for |η| = log2 s,

ζ(η, s) = Z(η, s), for |η| ≤ log2 s

The function Z can be bounded from above and from below by the sum of one
function of the family defined in (5.84a) and another of the family defined in (5.84b),
and can then be estimated as in the proof of the previous lemma. On the other
hand, if we write

ζ(η, σ) = W (η, σ)φ1,1(η),

then W satisfies

Wσ = Wηη + 2
φ′1,1

φ1,1
Wη + (2H0 − 1)Wη ≡Wηη − th(

η

2
)Wη,

where we have used the fact that φ′′1,1 + (2H0 − 1)φ′1,1 + 2H ′
0φ1,1 = 0. Setting

q = Wη, we easily check that q is such that
qσ = qηη − (th(η

2 )q)η, q(η, s) = ζη

φ1,1
− φ′1,1

φ2
1,1
ζ,

|q(η, σ)| ≤ εe|η|
s , if |η| = log2 s;

|q(η, s| ≤ BM log se|η|
s if |η| ≤ log2 s.

(5.93)
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The differential equation in (5.93) has a two parameter family of particular solu-
tions. These are

q1(η, σ) = e−
σ
4 ch(

η

2
),

as well as the stationary solutionsq
′′
2 − (th(

η

2
)q2)′ = 0,

q2(0) = 1, q′2(0) = 0.
(5.94)

It is easy to check that solutions of (5.93) satisfy ηq′2(η) ≥ 0 on R and q2(η) ∼ Ke|η|

as |η| −→+∞ for some given positive constant K. We now define

q(η, σ) =
1
s
[AMe−

1
4 (σ−s)ch(

η

2
) logk s+

2ε
K
q2(η)],

where k = k(r) = 1 + 1/2r. By linearity, q is still a solution of the equation in
(5.92). On the other hand

(1) For all η ∈ (− log2 s, log2 s), q(η, s) ≥ AM logk s e
|η|
2

2s . We then have q(η, s) ≥
q(η, s), provided that log s ≥ C

1/2r
r

2BM

AM
ε−

1
2r .

(2) If |η| = log2 s, then q(η, σ) ≥ 2ε
Ksq2(η) ≥ εeR′

s ≥ q(η, σ).
By comparison we thus deduce that

|q(η, s)| ≤ q(η, s).

Integrating this inequality gives

|W (η, σ)−W (0, σ)| ≤ 1
s
[A′Me−

1
4 (σ−s)e

|η|
2 logk s+ Cεe|η|],

whence

|ζ(η, σ) −W (0, σ)φ1,1(η)| ≤ 1
s
[A′Me−

1
4 (σ−s)e−

|η|
2 logk s+ εC]

for every σ ∈ [s, s]. In particular, using our choice of s,

|ζ(η, s)−W (0, s)φ1,1(η)| ≤ 1
s
[A′Me−

1
4 (σ−s)e−

|η|
2 logk s+ εC]

≤ 1
s
[
logk+1 s

s
+ εC] ≤ 1

s
εC,

and the lemma follows.

Remark. Observe that the function W (0, σ) considered above is such that

W (0, s) = ψ(0, s) = 0.

The estimates that we have obtained so far are valid for any initial data φ ∈
A(M ; τ0, τ1), but they only hold true after some small time delay σ ≥ ρ(σ0). In our
next result we show that for suitable initial data, these estimates also hold true for
σ ≥ σ0.

Lemma 5.12. Assume that φ ∈ A(M ; τ0, τ1). Suppose that near the point ξ = 0,
the initial data φ(ξ, τ0) is taken to be one of the waves defined by (5.62). Then if
τ0 is sufficiently large, (5.77) and (5.89) hold for all τ ∈ [τ0, τ1].
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Proof. As we have seen in the previous lemmas, there is a positive ρ(τ0) such that
(5.77) and (5.89) are satisfied provided that σ0 is large enough and σ ∈ [ρ(τ0), σ1].
The only thing which remains to be checked is that if we choose the initial data as
in the statement of the lemma, then estimates (5.77) and (5.89) are also true for
τ ∈ [τ0, ρ(τ0)]. Observe that the estimates obtained in Lemmata 5.1–5.4 hold true
for all τ ∈ [τ0, τ1]. Moreover, let us choose φ(τ0) such that

Ψ(z, σ0) = Hc(τ0),η0,0(z) =
(1− c(τ0))

1 + e(c(τ0)−1)(z−η0)
,(5.95)

in the region |z| ≤ 2τ2
0 . We now select η0 sufficiently small in the following way.

By Lemma 5.9,

|Ψ(z, σ0)−H0(z)| = |Hc(τ0),η0,0(z)−H0(z)|

≤ |c(τ0)||Q|+ |η0||φ1,1(z)|+ O(
e−η

1 + e−η
41/2(1 + |η|2))

in the region |c(τ0)||η|4 ≤ 1 and |η0| ≤ 1, where 4 = |c(τ0)|2 + |η0|2. Therefore,
for every ε > 0, there exists a positive constant δ such that if |η0| < δ and τ0 is
sufficiently large, then

|Ψ(z, σ0)−H0(z)| ≤ ε/2

for all η in (−2τ2
0 , 2τ

2
0 ). We are now in a position to apply the same arguments as

in the proofs of Lemmata 5.10 and 5.11 to the function Ψ(z, s) on the time interval
[τ0, ρ(τ0)] and deduce that first (5.77) and then (5.89) hold true on [σ0, ρ(σ0)].

As a next step we obtain an estimate of the speed of the curves λ(τ).

Lemma 5.13. Assume that φ ∈ A(M ; τ0, τ1) is a solution of (4.5) corresponding
to admissible initial data such as those described before. Then there exist a constant
C1 and a function g ≡ g(τ) such that, for all τ ∈ [τ0, τ1],

dλ

dτ
= λ(τ) + C1e

−τ + εg(τ),

g(τ) = O(e−τ ).
(5.96)

Proof. Fix any s < s such that s− s ≤ ε. We consider again the function ψ defined
by

φ(ξ, τ) = ψ(η, σ), η = (ξ − λ(τ ))eτ , σ = eτ .

By Lemmata 5.10 and 5.11,

|ψ(η, s)−Hc(s),η0(s),0(η) + e−sW (η) +W (0, s)φ1,1(η)| ≤ ε

s
.

Moreover, ψ satisfies the equation (5.43b), which we can write in the form

ψσ = ψηη + (2ψ − 1)ψη + e−τ ((2ψ − 1)ψ − ηψη + ψη) +O(e−2τ )

uniformly on |η| < 106. We now claim that

ψ(η, s) = Hc(s),η0(s),0(η − c(s)(s− s)) +
W (η)
σ

+O(εe−τ ).(5.97)

In order to prove this claim we define the auxiliary function

R(η, σ) = ψ(η, σ) −Hc(s),η0(s),0(η − c(s)(s− s)) +
W (η)
σ

.
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By the definition of R and the remark above,

R(η, s) = O(ε
1
s
).

Moreover by Lemma 5.8 and the fact that τ − τ ≤ τe−τ we have, uniformly on, say,
|η| ≤ 1/2,

|H0(η) −Hc(s),η0(s),0(η − c(s)(s− s))|
≤ |H0(η)−H0(η − c(s)(s− s))|

+ |H0(η − c(s)(s− s))−Hc(s),η0(s),0(η − c(s)(s− s))|
≤ c(s)(s− s)|H ′

0|+ c(s)|Q|+ η0(s)|φ1,2|+O(e−2τ )

≤ CMe−τ + C′M |τ − τ | ≤ CMe−τ .

Therefore

|R(η, σ)| ≤ CMe−τ .

Writing (5.43b) in terms of R we now obtain

Rσ = Rηη + (2H − 1)Rη + 2H ′R+ e−τW ′′(η)

+ (2H − 1)e−τW ′(η) + 2H ′e−τW

+ e−τ [(2H − 1)H − ηH ′ +H ′] +O(CM e−2τ ),

(5.98)

where H stands for Hc(s),η0(s),0. Observe that if we replace H by H0 in (5.98) we
only introduce an error of order at most O(e−2τ ) that can be accounted for to give

Rσ = Rηη + (2H0 − 1)Rη + 2H ′
0R+ e−τW ′′(η) + (2H0 − 1)e−τW ′(η) + 2H ′

0e
−τW

+ e−τ [(2H0 − 1)H0 − ηH ′
0 +H ′

0] +O(CM e−2τ )

= Rηη + (2H0 − 1)Rη + 2H ′
0R+O(CM e−2τ ),

where we have used the definition of W . Therefore R satisfies the following problem

Rσ = Rηη + (2H0 − 1)Rη + 2H ′
0R+O(CM e−2τ ) for σ ∈ [s, s], |η| ≤ 1/2,

R(η, σ) = O(CM e−τ ) for σ ∈ [s, s], |η| ≤ 1/2,

R(η, s) = O(εe−τ ) for |η| ≤ 1/2

(5.99)

Moreover, by parabolic regularity we also have

|Rη(η, s)|+ |Rηη(η, s)|+ |Rσ(η, s)| = O(εe−τ ).(5.100)

on the same region. Let χ be a C2 function of compact support such that χ(η) = 0
if |η| ≥ 1, χ(η) = 1 if |η| ≤ 1/2, and define

R(η, σ) = χ(η)R(η, σ).

A routine calculation shows that R satisfies
Rσ = Rηη + (2H0 − 1)Rη + 2H ′

0R− 2χ′Rη − χ′′R
− (2H0 − 1)χ′R+ χO(CM e−2τ ).

(5.101)

Since this equation is linear, we may estimateR as follows. WriteR = R1+R2+R3.
Then the last term, R3, is such that

R3σ = O(CM e−2τ ), R3(0) = 0,
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and therefore it can be bounded in modulus by the solution R3 = KM (σ − s)e−2τ

of

R3σ = KM (Me−2τ ), R3(s) = 0,

with KM suficiently large. The second function, R2, is the solution of

R2σ = R2ηη + (2H0 − 1)R2η + 2H ′
0R2 − 2Rηχ

′ −Rχ′′ − (2H0 − 1)Rχ′,
R2(η, s) = 0,

(5.101)

and therefore |R2| ≤ R2, where R2 solves

R2σ = R2ηη + (2H0 − 1)R2η + 2H ′
0R2 + 2|Rηχ

′|+ |Rχ′′|+ |(2H0 − 1)Rχ′|,
R2(η, s) = 0.

(5.102)

This is a linear equation with constant coefficients, whose solution is given by

R2(η, σ) =
∫ σ

s

∫
R

G(η − η, ρ− s)F (η, ρ)dηdρ,

where we have set F (η, σ) = 2|Rηχ
′|+ |Rχ′′|+ |(2H0− 1)Rχ′|, and where G is the

Green function of the linear operator with nonconstant coefficients

R2σ = R2ηη + (2H0 − 1)R2η + 2H ′
0R2.

It is known (cf. [A]) that there exist positive constants a and γ such that

G(η − η, ρ− s) ≤ γ(ρ− s)−
1
2 e−a |η−η|2

ρ−s .

Hence

|R2(η, σ)| ≤ γ

∫ σ

s

∫
R

(ρ− s)−
1
2 e−a |η−η|2

ρ−s F (η, ρ)dηdρ.

By construction, F (η) is zero if |η| ≤ 1/2 or |η| ≥ 1. Therefore, if |η| ≤ 1/4 we
deduce that

|R2(η, σ)| ≤ γCMe−τ

∫ σ

s

∫
1
2≤|η|≤1

(ρ− s)−
1
2 e−a |η|2

4(ρ−s) dηdρ

≤ γCMe−τ

∫ σ

s

(ρ− s)−
1
2 e

−a
4(ρ−s) dη

≤ CMe−τ (σ − s)
3
2 e−

a
4(σ−s) .

This implies that, uniformly on σ ∈ [s, s] and |η| ≤ 1/4,

|R2| ≤ |R2| ≤ CMεe−τ ,

whence, by parabolic regularity, for σ ∈ (s, s) and |η| ≤ 1/4,

|R2θ|+ |R2θθ| ≤ CMεe−τ .(5.103)

Moreover, since |R2(η, s)| < R2(η, s), we also have

|R2σ(η, s)| ≤ lim
σ−→ s

R2(η, σ)
σ − s

= 0.(5.104)
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The term R1 will be estimated in a slightly different way. Recall thatR1 satisfies

R1σ = R1ηη + (2H0 − 1− 2χ′)R1η + (2H ′
0)R1 for all σ ∈ [s, s] and |η| ≤ 1/4,

|R1(η, s)|+ |R1ηη(η, s)|+ |R1η(η, s)| ≤ Cεe−τ for all |η| ≤ 1/4,

R1(±1
2
, σ) = O(CM e−τ ), for σ ∈ [s, s].

Therefore, by parabolic regularity we have

|R1|+ |R1η|+ |R1ηη|+ |R1σ| ≤ CMεe−τ(5.105)

uniformly on σ ∈ [s, s] and |η| ≤ 1/4. We deduce from (5.102)-(5.105) that

|R|+ |Rθ|+ |Rθθ|+ |Rσ| ≤ CMεe−τ

uniformly for σ ∈ [s, s] and |η| ≤ 1/4. Remember now that λ(τ) is the unique point
such that φ(ξ, τ) = 1/2 and φξ(ξ, τ) < 0. By classical regularity theory, the curve
ξ = λ(τ) is well defined for τ − τ small. Therefore, for all σ ∈ [s, s], one has that
ψ((λ(τ) − λ(τ ))σ, σ) = 1/2 and, therefore,

Hc(s,η0(s),0((λ(τ) − λ(τ ))eτ − c(s)(eτ − eτ )) + e−τW ((λ(τ) − λ(τ ))eτ )

+R((λ(τ) − λ(τ ))eτ , eτ ) =
1
2
.

On differentiating with respect to τ , we obtain

(λ̇(τ)eτ + (λ(τ) − λ(τ ))eτ − c(s)eτ )H ′
c(s),η0(s),0((λ(τ) − λ(τ ))eτ − c(s)(eτ − eτ ))

− e−τW ((λ(τ) − λ(τ ))eτ ) + e−τ (λ̇(τ)eτ + (λ(τ) − λ(τ ))eτ )W ′((λ(τ) − λ(τ ))eτ )

+ eτRσ((λ(τ) − λ(τ ))eτ , eτ ) + (λ̇(τ)eτ + (λ(τ) − λ(τ ))eτ )Rθ((λ(τ) − λ(τ ))eτ , eτ )
= 0.

Taking τ = τ , we deduce that

(λ̇(τ)eτ − c(s)eτ )H ′
c(s),η0(s),0(0)− e−τW (0) + λ̇(τ)W ′(0)

+ eτRσ(0, eτ) + λ̇(τ)eτRθ(0, eτ) = 0,

whence

λ̇(τ) =
c(s)

(1 +Rη(0, eτ))
+
e−τW (0)− λ̇(τ)W ′(0)− eτRσ(0, eτ )
eτ (1 +Rη(0, eτ ))H ′

c(s),η0(s),0(0)

= c(s) + C1e
−τ +O(εe−τ ) = λ(τ) + C1e

−τ +O(εe−τ ).

As a consequence of the previous lemma we have

Corollary 5.14. Assume that φ ∈ A(M ; τ0, τ1) is a solution of (4.5) with initial
data φ(ξ, τ0) given as before. Suppose that

l1(α0, k0, τ1) ≡ 〈L0, ψ(λ, τ1)〉 = 0,

where 〈L0, ψ(λ, τ1)〉 is defined in (5.14) and k0 = λ(τ0), and let C1 and g be given
as in the previous lemma. Then, if

l2(α0, k0; τ1) ≡ k0 + e−τ0

∫ τ1

τ0

e−2σ(C1 + εg(σ))dσ = 0,(5.106)
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there exists a positive constant C, independent of M , such that for all τ ∈ [τ0, τ1]

|λ(τ)| ≤ Ce−τ .(5.107)

Proof. Let us integrate (5.96) between τ0 and τ , to obtain

λ(τ) = λ(τ0)eτ−τ0 + eτ

∫ τ

τ0

e−2σ(C1 + εg(σ))dσ.

Suppose now that λ(τ0) is such that

λ(τ0)e−τ0 +
∫ τ1

τ0

e−2σ(C1 + εg(σ))dσ = 0,

or equivalently

λ(τ0) = −eτ0

∫ τ1

τ0

e−2σ(C1 + εg(σ))dσ.

We have then that for every τ ∈ [τ0, τ1]

λ(τ) = eτ (
∫ τ

τ0

e−2σ(C1 + εg(σ))dσ −
∫ τ1

τ0

e−2σ(C1 + εg(σ))dσ)

=
∫ τ1

τ

e−2σ(C1 + εg(σ))dσ ≤ C1 + εg(σ)
2

e−τ ,

and the lemma follows.

Remark. Observe that if k0 is such that (5.106) holds, then, for M large enough,
the condition (5.1) of the definition of A(M ; τ0, τ1) is fulfilled in all the interval
[τ0, τ1] with the constant M replaced (for instance) by M/2.

As a consequence of Lemmata 5.1 to 5.13 and Corollary 5.14, we have the fol-
lowing

Proposition 5.15. Assume that M > 0 is sufficiently large and ε is small enough.
Let φ be a solution of (4.5) with initial data φ(ξ, τ0) given as before and such that

φ(ξ, τ) ∈ A(M ; τ0, τ1)

for τ ∈ [τ0, τ1] with τ1 > τ0 � 1. If

l1(α0, k0) = 〈L0, ψ(λ, τ1)〉 = 0

and

l2(α0, k0) = k0 + e−τ0

∫ τ1

τ0

e−2σ(C1 + εg(σ))dσ = 0,

then

φ(ξ, τ) ∈ A(M/2; τ0, τ1).
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5.4. Existence of singularity-forming solutions the topological argument.
For every given τ0 and τ1 with τ0 ≤ τ1, let us consider the subset U(τ0, τ1) of
R2 consisting of the pairs (α0, k0) for which the solution of equation (4.5) with
initial data determined by (α0, k0) belongs to A(M ; τ0, τ1). We shall denote this
solution by φ(ξ, τ ;α0, k0). By classical continuous dependence results for parabolic
equations, the set U(τ0, τ1) is an open subset of R2. Let `R3 −→ R2 be the
mapping defined by

`(α, k; τ) = (l1(α, k; τ), l2(α, k; τ)).

By our choice of the initial data the application ` is C∞ with respect to α, k
and τ . We next denote by d(`,U(τ0, τ); 0) the topological degree of the mapping
`(·; τ) in the set U(τ0, τ) at the value 0. It is clear that there exists a unique point
(α0, k0) ∈ U(τ0, τ0) such that `(α0, k0, τ0) = 0, which is α0 = k0 = 0. Therefore,

d(`,U(τ0, τ0); 0) = 1.(5.108)

Moreover,
∂l1
∂α

(0, 0; τ0) > 0,
∂l1
∂k

(0, 0; τ0) = 0,

∂l2
∂α

(0, 0; τ0) = 0,
∂l2
∂k

(0, 0; τ0) = 1.

Then, by the implicit function theorem, there is a small neighbourough of (0, 0, τ0)
in which the set of points where the function ` is zero is given by a parametrised con-
tinuous curve {(α(ρ), k(ρ), ρ)}ρ∈[τ0,ρ0]. On the other hand, by the above mentioned
continuous dependence, if τ1−τ0 is sufficiently small the solutions φ(ξ, τ, α(ρ), k(ρ))
(with initial data determined by (α(ρ), k(ρ))) belong to A(M ; τ0, τ1). This implies
that if τ1 − τ0 is sufficiently small, then

d(`,U(τ0, τ1); 0) = 1.(5.109)

We now claim that (5.109) holds for all τ > τ0, provided that

U(τ0, τ) 6= ∅.(5.110)

Suppose on the contrary that there exists a first time τ2 > τ0 when (5.109) fails
but (5.110) holds true. Then there must be a point

(α, k) ∈ ∂U(τ0, τ2),

where `(α, k; τ2) = 0. Since (α, k) ∈ ∂U(τ0, τ2), the solution φ(ξ, τ ;α, k) belongs to
A(M ; τ0, τ2). But then, using Proposition 5.15, we deduce that φ ∈ A(M/2; τ0, τ2)
and therefore that (α, k) ∈ U(τ0, τ2), which is a contradiction.

We further observe that, if τ0 is sufficiently large,

U(τ0, τ) 6= ∅ for any τ > τ0.

In order to check this, we define

τ∗ = sup{τ ; U(τ0, τ) 6= ∅}.
We already know that τ∗ > τ0. Assume now that τ∗ <∞. By (5.109) and (5.110)
we may select a sequence of times {τn} increasing to τ∗, and a sequence {(αn, kn)}
such that `(αn, kn; τn) = 0 and (αn, kn) ∈ U(τ0, τn). Since U(τ0, τn+1) ⊂ U(τ0, τn),
the sequence {(αn, kn)} is bounded. Therefore a subsequence, still denoted by
{(αn, kn)}, exists which converges to some point (α∗, k∗). By continuity of ` we
still have `(α∗, k∗; τ∗) = 0. By Proposition 5.15, the solution φ(ξ, τ, α∗, k∗) belongs
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to A(M ; τ0, τ∗) and so, by continuous dependence, belongs to A(M ; τ0, τ∗ + δ) for
some δ > 0 sufficiently small. But this contradicts the definition of τ∗.

We may now detail the argument leading to the existence of the solutions referred
to in Theorem 3. We take a sequence {τn} such that τ1 > τ0 and τn−→∞ as
n−→∞. For every n, as we have seen, U(τ0, τn) 6= ∅ and

d(`,U(τ0, τn); 0) = 1.

Let (αn, kn) ∈ U(τ0, τn) be such that `(αn, kn; τn) = 0, and denote by φn the
solution φ(ξ, τ, αn, kn). By Proposition 5.15 we have

φn ∈ A(M/2τ0, τn) for all n ≥ 1.(5.111)

Since on the other hand the sequence {(αn, kn)} is bounded, there exist a subse-
quence, still denoted by {(αn, kn)}, and a pair (α0, k0) such that

αn−→α0, kn−→ k0.

Let us consider the solution φ(ξ, τ ;α0, k0). By continuous dependence on the initial
data we have, for fixed m ≥ 1,

lim
n−→∞φn(ξ, τ) = φ(ξ, τ ;α0, k0)

uniformly for ξ ∈ R and τ ∈ [τ0, τm]. By (5.111), for every n ≥ m, φn ∈
A(M/2; τ0, τm); and then, passing to the limit as n−→∞, we obtain φ(ξ, τ ;α0, k0)
∈ A(M/2; τ0, τm) ⊂ A(M ; τ0, τm) for every m ≥ 1. This shows that φ(ξ, τ ;α0, k0)
is actually the desired solution of (4.5). In particular, since φ(ξ, τ ;α0, k0) belongs
to A(M/2; τ0, τ) for all τ ≥ τ0, we deduce that Lemma 5.2 and Lemma 5.3 hold
for τ ≥ τ0. Writing (5.28) and (5.35) in terms of the original variables then gives
(1.13).

5.5. Analysis of the external region. We deal now with the question of ob-
taining the asymptotic estimate (1.14) for the global solution constructed in the
previous sections. To this end we observe that, in terms of the variables ξ, τ and φ
introduced in (4.4), it is sufficient to obtain

|φ(ξ, τ) − e−ξ| ≤ ε(τ1)e−ξ,

uniformly on τ ≥ τ1, ξ ∈ (x1, τ − τ1 +2x1), where limτ1−→∞ ε(τ1) = 0, since in the
original variables this means |x2f(x, t) − 1| ≤ ε(τ1) uniformly for t ∈ (1 − e−τ1 , 1)
and x ∈ (2(1− t), e2x1−τ1). From the estimates obtained in Subsections 5.1-5.4, we
easily deduce that for all τ1 ≥ τ0 and all positive constant L there is an ε(τ1) such
that

|φ(ξ, τ) − e−ξ(1 + 2e−τ )| ≤ ε(τ1)e−τ for all ξ ∈ (x1, L) and τ ≥ τ1,(5.112)

with ε(τ1)−→ 0 as τ1−→∞. Therefore

|φ(ξ, τ) − e−ξ| ≤ ε(τ1)e−ξ for all ξ ∈ (x1, L) and τ ≥ τ1.(5.113)

We need to extend this estimate to a larger region containing ξ ∈ (x1, τ − τ1 +2x1).
To this end, let us introduce the function W given by

φ(ξ, τ) = φ(ξ) + e−τφ1(ξ) +W (ξ, τ).(5.114)
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A straightforward computation shows that W satisfies

Wτ = e−τ (Wξξ +Wξ − 2W ) + (2φ− 1)(W +Wξ) + 2W (W +Wξ)

+ 2φ1e
−τ (W +Wξ) + e−2τ+ξ(3W +Wξ) + e−2τ+ξ(2φ+ 2e−τφ1)

+ e−2τ (φ1ξξ + φ1ξ − 2φ1).

(5.115)

By (5.112) we easily check that, for τ ≥ τ1 and ξ ∈ (x1, L),

|W (ξ, τ)| ≤ ε(τ1)e−τ .(5.116)

On the other hand, since the solution φ belongs to A(M ; τ0, τ) for every τ ≥ τ0,
one has

|W (ξ, τ)| ≤Me−τ for all ξ ∈ R and τ ≥ τ1.(5.117)

In order to obtain a better estimate of W , let us write

W (ξ, τ) = εe−τ + ϕ+G,(5.118)

where the function ϕ is the solution of{
ϕτ = e−τ − (ϕ+ ϕξ) for ξ > 0 and τ ≥ τ1,

φ(ξ, τ1) = ϕ0(ξ) for ξ > 0,
(5.119 a)

and ϕ0 is a nonnegative, monotone increasing smooth function such that

ϕ0(ξ) + ε(τ1)e−τ1 ≥W (ξ, τ1), for ξ ∈ R.(5.119 b)

Due to (5.117), we may choose ϕ0 in the following form

ϕ0(ξ) =

{
0 if ξ < ζ0,

Me−τ1 if ξ > 2ζ0,
(5.120)

with ζ0 > 2x1 being a sufficiently large fixed value. Setting

ϕ(ξ, τ) = e−(τ−τ1)z((ξ − ζ0)− (τ − τ1), s) = e−(τ−τ1)z(θ, s)

with s = e−τ1 − e−τ , θ = (ξ − ζ0)− (τ − τ1),
(5.121)

we readily see that

zs = zθθ

and therefore

ϕ(ξ, τ) =
1

2
√
π
e−(τ−τ1)

∫ (ξ−ζ0)−(τ−τ1)

2
√

e−τ1−e−τ

−∞
e−r2

ϕ0(ξ − τ + τ1 − 2r
√
e−τ1 − e−τ )dr.

On the other hand, G satisfies

Gτ = e−τ (Gξξ +Gξ − 2G) + (2φ− 1)(G+Gξ) + 2φ1e
−τ (G+Gξ)

+ e−2τ+ξ(3G+Gξ) + 2G(G+Gξ) + 2(εe−τ + ϕ)(G +Gξ)

+G(εe−τ + ϕ+ ϕξ) + 2φ(εe−τ + ϕ+ ϕξ) + J1(ξ, τ),(5.122)

with
J1(ξ, τ) = e−τ (ϕξ − 2ϕ) + 2(εe−τ + ϕ)(εe−τ + ϕ+ ϕξ)− 2εe−2τ

+2φ1e
−τ (εe−τ + ϕ+ ϕξ) + e−2τ+ξ(3εe−τ + 3ϕ+ ϕξ)

+e−2τ+ξ(2φ+ 2e−τφ1) + e−2τ (φ1ξξ + φ1ξ − 2φ1).

(5.123)
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By the estimates that we have already obtained, there exists a positive constant
CM , depending on M , such that, for every τ ≥ τ0 and all ξ ∈ R,

|J1(ξ, τ)|+ |∂J1

∂ξ
(ξ, τ)| + |∂

2J1

∂ξ2
(ξ, τ)| ≤ CMe−2τ .(5.124)

On the other hand, using the explicit expression of ϕ, we see that there exists a
positive constant CM such that for all τ and ξ ∈ R

|φ(ξ)(ϕ(ξ, τ) + ϕξ(ξ, τ))| ≤ CMe−2τ .

Finally, let us define the function H by

G(ξ, τ) = H(ξ, τ) − 2εφ1(ξ)e−τ ,(5.125)

so that H satisfies
Hτ = e−τ (Hξξ +Hξ − 2H) + (2φ− 1)(H +Hξ)− 2φ1e

−τ (H +Hξ)

+ e−2τ+ξ(3H +Hξ) + (2εe−τ + 2ϕ− 4εφ1e
−τ + 2H)(H +Hξ)

+H(−4εe−τφ1 − 4εφ′1e
−τ + εe−τ + ϕ+ ϕξ)

+ 2φ(ϕ+ ϕξ) + J1(ξ, τ) + J2(ξ, τ),

(5.126)

where the term J2 is now given by

J2(ξ, τ) = e−τ (2εφ′′1e
−τ − 2εφ′1e

−τ + 4εφ1e
−τ )− 2φ1e

−τ (2εφ1e
−τ + 2εφ′1e

−τ )

− e−2τ+ξ(6εφ1e
−τ + 2εφ′1e

−τ ) + (2εe−τ + 2ϕ− 4εφ1e
−τ )(2εe−τφ1 + 2εφ′1e

−τ )

+ 2εe−τφ1(εe−τ + ϕ+ ϕξ),

and satisfies an estimate similar to (5.124) for some positive constant CM . One
readily sees that

H(x1, τ) ≤ 2ε||φ1||∞e−τ , for τ ≥ τ1,

H(τ − τ1 + 2x1, τ) ≤ 2ε||φ1||∞e−τ , for τ ≥ τ1,

H(ξ, τ1) ≤ 2ε||φ1||∞e−τ1 for x1 < ξ < τ − τ1 + 2x1.

Consider now the solution H of the following linear hyperbolic problem

Hτ = (2φ− 1)(H +Hξ) +KMe−2τ for x1 < ξ < τ − τ1 + 2x1, τ ≥ τ0,

H(ξ, τ1) = 2||φ1||∞εe−τ1 for x1 < ξ < τ − τ1 + 2x1,

H(x1, τ) = H(τ − τ1 + 2x1, τ) = 2ε||φ1||∞e−τ for τ ≥ τ1,

(5.127)

where KM is taken such that

(J1(ξ, τ) + J2(ξ, τ))e2τ < KM , for τ ≥ τ0.

Notice that such a choice is possible since J1 and J2 satisfy (5.124). We first
claim that there exists a positive constant ε(τ1) such that, for every τ ≥ τ1 and
ξ ∈ (x1, τ − τ1 + 2x1), we have

|H(ξ, τ)| ≤ ε(τ1)e−τ .(5.128)

This follows by integrating the equation along characteristics. Moreover, differen-
tiating in the equation satisfied by H and using again the estimate (5.124) for J1

and J2, we deduce that there exists δ(τ1) > 0 such that

|Hξ(ξ, τ)| + |Hξξ(ξ, τ)| ≤ δ(τ1)e−τ(5.129)
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for all τ ≥ τ1 and ξ ∈ (x1, τ − τ1 + 2x1), with δ(τ1)−→ 0 as τ1−→∞. It then
turns out that H is a supersolution of (5.20) and thus, by a standard comparison
argument, for every τ ≥ τ1 and ξ ∈ (x1, τ − τ1 + 2x1) we have

H ≤ ε(τ1)e−τ .

One can obtain a lower estimate in a similar way by using a suitable subsolution.
We deduce from this argument that

|H(ξ, τ)| ≤ ε(τ1)e−τ

for every τ ≥ τ1 and ξ ∈ (x1, τ − τ1 + 2x1). This in turn implies that

|W (ξ, τ)| ≤ εe−τ + ϕ+ ε(τ1)e−τ ,

in the same region. Now, for τ ≥ 2τ1 and ξ ∈ (x1, τ − τ1 + 2x1), we have

ϕ(ξ, τ) ≤ e−(τ−τ1)

2
√
π

∫ 2x1−ζ0
2
√

e−τ1−e−2τ1

−∞
e−r2

ϕ0(2x1 − 2r
√
e−τ1 − e−2τ1)dr

≤ e−τ{KM

2
√
π

∫ 2x1−ζ0
2
√

e−τ1−e−2τ1

−∞
e−r2

dr}

∼ e−τ{KM

2
√
π

√
e−τ1 − e−2τ1

ζ0 − 2x1
e
− (ζ0−2x1)2

4(e−τ1−e−2τ1 ) }
as τ1−→+∞ and whenever ζ0 > 2x1. Observe that if we set

γ(τ1,M) =
KM

2
√
π

√
e−τ1 − e−2τ1

ζ0 − 2x1
e
− (ζ0−2x1)2

4(e−τ1−e−2τ1 ) ,

we have, for all fixed M ,

lim
τ1−→∞ γ(τ1,M) = 0.

By substituting this in (5.109) we obtain

|Φ(ξ, τ) − e−ξ| ≤ e−τΦ1(ξ) + γ(τ1,M)e−τ

≤ e−ξ(||Φ1||∞ + γ(τ1,M))eξ−τ

≤ e−ξ(||Φ1||∞ + γ(τ1,M))e−τ1+2x1 ,

whereupon the result follows with

ε(τ1) = (||Φ1||∞ + γ(τ1,M))e−τ1+2x1 .
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